VI u VII nBouac Be:xou — Baamuvmup Baaruh
6. AHasmTUUYKa reoMeTpuja y IpoCcTOpy

Osoe je dam xpamax npezaed VI u VII dgowaca eexmcou. I[lompebro je da obrosume odzosapajyhy meopujcky
Mamepujy Koja je obpabena na npedasanuma u Y yub enUKy.

Kaxo ce najsehum deaom wa eemcoama pade 3a0auu us sdupke, Haxor 6poja 3a0amxa naagom 60jom je 03Hauer
6poj sadamxa y 36upyu "MATEMATHURA 17 npogecopa P. Jlazosuha, /. BHopuha u B. Josawosa y gopmu
p.z, 20e je p 6poj nozaasma, a z 6poj zadamra y mom noznasny. Osu 3a0ayu ca NPEOCMAAUMG U3 30UPKE
(uz nozaasma 76. Anasumuuka zeomempuja y npocmopy”, Kao u owum uz nozaasnma 7. Ilpeu xoaokeujym”
KOJU CY 8E3GHU 34 08Y MAMEPUJY) “UHE UEAURY 0080MHHY 304 NPUNPEMY 08€ 00AACTIU.

1. 6.1 (4). Hanucaru jemmauuny paBHu Koja canpsku tauke A(1,1,1), B(0,—1,2) u C(2,3,-1).

Pewewe 1.  Jemuauwmna menosnate paBHuU je 7: ax+by+cz+d = 0. Kako pasuu 7 npunaga tauka A, KOOp AMHATE TAUKe
A 3anoBomasajy jemnauuny pasau 7: a-1+b-14+c¢-1+d =0. Ox raurke B nobujamo jemuauuny a-0+b-(—1)+c-24+d = 0.
On rauke C' nobujamo jemuauuny a-2+b-3+c-(—1)+d = 0. Iakae, nobumnu cmo caenehim xomoren cucrem:

a —+ b + c + d = 0
— b 4+ 2¢ + d = 0

20 + 3b — ¢ + d = 0 III-2-1
a + b + ¢ + d = 0
— b 4+ 2¢ + d = 0

b — 3¢ — d = 0 III+1II

a + b + ¢ + d =0
— b 4+ 2¢ + d = 0
- ¢ = 0.

Osze cy a, b u ¢ Be3aHe mpoMeHBUBE, OOK je d ca1obomHa MpOMeHspUBa, ma hieMo y3etu na je d =t, t € R. Bpahamewm
yHazan mobujamo ¢ =0, b=t u a = —2t, 1j. (a,b,c,d) = (—2t,t,0,t), t € R.
Kako mama HEUje moTpebHO ma oapeanMo CBa pemema (HEro CaMo jelHO), MOKEMO y3eTH HEKY KOHKPETHY BPEIHOCT

3a mapamerap t, Hup. t = —1, na mobujamo na je (a,b,c,d) = (2,—1,0,—1), omakne mobujamo ma je paBaH T Koja
canpsxku tauke A, Bu C natacan: 2x—y—1=0. |
Pewewe 2. Vckopuctumo ¢opmyny 3a jemHauumdy paBHu 7m Kpo3 Tpu tauke A(ra,ya,za), B(xp,ys,z5) n

C(zc,ye, 2c) T—Ta Y—ya Z—2a

T B —TA YB—Ya 2B — 24| =0,
o —TA Yo — YA ZCc —Z2A

r—1 y—-1 z—1 z—1 y—1 z-1
rme ¢y T, Yy u z KoopauHare tavaka paguu. 7w: (0—1 —-1—-1 2-—-1|=0, Tj. =w: | —1 —2 1 |=0.

2—-1 3-1 -—-1-1 1 2 -2
Kana passujemo merepMmunanty 1o upsoj Bpctu mobujamo +(z—1)-(4—2)—(y—1)-2-1)+(2—1)- (f 2— (72)) =0.
2z —2— (y—1) =0, 1j. paBan koja canpsxu tauke A, Bu Cjern: 20 —y—1=0. |

Pewewe 3. Axko cy BekTOopu @ = AC = (e —xa,yc —Yya,z2c — z4) = (1,2,-2) n b=BC = (2,4,—3) matu npeko
CBOjUX KOODAMHATA OHIA jé BEKTOP HOpMaJie Ha pasad oapebemy taukama A, B u C mar ca

—

O A A A
by b, b.| [2 4 -3

JennaunHa paBHE KOja MMa BEKTOD HOpMaje Nl = (Ng, Ny, N,) U OPOIa3u Kpo3 Tadury A(za,ya, za) je
T nm'(I—l‘A)—Fny'(y—yA)+nz'(Z_ZA) =0.

2-(x—1)—1-(y—1)4+0-(2—1) =0. Tpaxkena pasan je 7: 2x —y —1=0. [ ]



2. 6.1 (6). Hanucaru jemquauuny paBHU Koja caapsku taury A(2, —1,1) u HopmasHa je Ha paBHu «: 3x+2y—z+4 =0
up:r+y+z—3=0.

Pewemwe 1. Pasan a: 3z + 2y — z + 4 = 0 uma BeKTOp HOpMaJe T, = (3,2,—1), nok pasan S: z+y+ 2z —3 =0 nma
BexTop HopMmaue 7ig = (1,1,1). Kako je TpakeHa paBaH m HOpMaJIHA ¥ HA PaBaH « U Ha paBaH (§, TO U HEH BEKTOP
HOpMaJe fi; MOpa OUTH HOpMaJaH Ha BEKTOpe HopMasa iy = (3,2,—1) u ig = (1,1,1), 1j. fix L fiq u iz L fg. Crora

je HajmoronHWje ma y3MeMoO na je fly = fig X fig, OQHOCHO

ik
e =(3,2,-1)x(1,1,1) =3 2 —1|=(3,-4,1).
1 1 1
Hame, ucro kao y Pememy 3 nmperxomHor 3amgaTka HOOMjaMO paBaH T aKO 3HAMO H-€H BEKTOD HOpMaJie 7l U jeIHy
tauky A: 3-(z—2)—4-(y—(-1)) +1- (2 — 1) = 0. Tpaxena pasas je 7: 3z —4dy+2z—11=0. ]
Pewemwe 2. Kako je TpaskeHa paBaH m HOpMaJiHA M Ha paBaH ( UM HA paBaH (3, TO OHA MOpa OUTKM HOPMAJHA U HA

mpaBy p Koja je mpecek paBuu o u (3, Tj. 7 L p. [IpaBa p npunana m paBHu o 1 (3, IIa je OHA pellemhe CUCTEMA

-4
3.

a: 3z 4+ 2y — =z
g: x + y + =z

Pememe oBor cucrema je (z,y,z) = (3t — 10,13 — 4¢,t), t € R, mro je mpasa p 3amara y mapamMeTapCKoOM OOJIUKY.

z+ 10 y—13 z . . o
= = — =t, Te je BEKTOp IpaBla IpaBe p jenHak ¥, = (3,—4,1).

IIpebamumo je Ha KaHOHCKU OOJUK: P:

3 -4 1
Kaxro je m L p To 3a BeKTOp HOpMaJie Ha paBaH 7 OAIll MOMKEMO y3€TH BEKTOD IpaBla IpaBe P, Tj. fix = U, = (3,—4,1).
Ilaspe, MCTO KAO U y IPETXOJHOM pellemny nobujamo na je m: 3z —4dy+2z—11=0. |
3. 6.7 (3),(4). Hcnuratu y3ajaMHM TOJIOKA] paBHU « 1 [3 (afco cy a u [ mapaJiesHe M3pAdyHATH PacTOjame

uzmeDy mux, d(a, §), a ako ce ceky mspadyHaTH yrao Koju saknamajy, <(a,3)) ako je:
a)a:z—y+1=0up:y—2z+1=0;
) a:x—2y+2—1=0upB:2x—4y+22—1=0.

Ynymcmea. a) Kako cy Bexkropm mopMmaia fi, = (1,—1,0) u fig = (0,1, —1) nueeapHO He3aBucHu (jep He BayKU
flo = k - Tl3) nMaMO Ha OBe 2 paBHU HUCY mapajenHe. YTao ¢ Koju o6pasyjy mar je ca

o itg] -1 1
el sl V22 2

6) Y oBoM cayyajy Ccy paBHU napaJednse jep je i, = (1,—-2,1) = %ﬁg = %(27 —4,2). Pacrojame uameby paBau o u paBan
[ jenHako je pacrojamy mpou3BosbHE Tauke A paBHu o mo pasuu 3. [IpousBomny Tauxky A pasuu «: x —2y+2z—1=0
MOKEeMO ZOOUTH TakO mTO (PUKCUpPaMO 2 KoopawHaTe, HOp. ¥y = 2z = 0, 1 OHIA W3 jemHAUWMHE paBHU onpeauMo Tpehy:
x = 1. Pacrojame Taure A(1,0,0) ox pasuu (3: 2z — 4y + 2z — 1 = 0 garo je obpacuem

cos p = = p=

il
3

_|axa +bya+cza+d  2-1-4-042-0—-1] 1
Va2 + b2 + 2 22 4 (—4)2 422 V24

d(A, )

1 V6
Konmauno nmamo na je d(a,3) =d(A,B) = — = —. [ ]
4. 6.13. Onpenutu jemHAYMHY DaBHU 7 KOja Canp:Ku mpecek paBau «: x +2y+32—4=0u f:3x+2—-5=0mu
Koja Ha roopamHaTHUM ocama Oy m Oz ojcena MOILyJapHE ONCEYKe.
Pewemwe. Jennauuna paBHu (TauyHMje CHONA pAaBHU) KOja MOPOJA3U KPO3 MPECEeYHy MOpaBy [ABEjy PaBHU

miax+biy+ciz+dy =0m o asx + by +coz+dy =0 je
a1z + by + c1z + di + Masx + by + c2z + d2) = 0.
Crora je tpaxena pasal 7: x + 2y + 3z — 4+ A3z + z — 5) = 0, ogHOCHO
7 (14+3N)z+2y+ 34+ A)z+ (=4 —5X) =0.

. . 4+ 5
Onceuak ma ocu Oy mobujamo kan 3ameHuMo @ = z = 0 u Hahemo Konmko je y: y = 5




. . 4+ 5\
Opgcevak wa ocu Oz mobujamo kanm 3amenumo x =y = 0 u mabemo kKoauko je z: z = .

3+ A

Kako cy oBu omceunu jennake ay:KmHE MMaMo 2 Moryha ciaydvaja:

Lo 45X _ 445X

;38445 #0umamo 2=3+ A= A=—-1,majem: —2x+2y+22+1=0.

2 3+
445\ 4+ 5\
2° +2 :—3—:_)\,3a4+5)\750HMaMO2:—3—>\:>>\:—57 na je mo: — ldx 42y — 22+ 21 =0.
Yromuro je 4+ 5\ =0 = A\ = —%, ma je mg: — %x + 2y + %z = (0, OMHOCHO KaJa CBEe MOMHOKUMO Ca D mo0UjamMo

mg: —7x + 10y + 112 = 0.

Y cnoBe 3amaTka 3a10BOMbABAjYy 3 paBHU: 71: —2r+2y+2z2+1 =0, my: —14x+2y—22+21 =0u m3: —7x+10y+11z = 0.
|

Hanowmena. [Ipasa p koja ce Hanasu y npeceky paBau «: x+2y+3z2—4 =0u 3: 3x+2—5 = 0 je mara y mapamMeTrapcKOM
obauKy ca xr =t, y=—%+4t, z=5-3t, teR.

. . . 3 —y+22-7=0
5. 6.17 (1). Ogmpemuru npasy ¢ koja canpsku taury A(—1,3, —2) u mapaJsenna je mpasoj p: { T3y —2:-3-0"
Pewewe.  Ilapamenne mpaBe mMajy NPOIOPIMOHATIHE BEKTOPE NMPABIA, Tj. BAKU Uy = k - U,. Kama pemmmo cucrem

3r—y+22—-7=0
r+3y—22—3=0

nobujamMo Ia je mpaBa p y mapaMeTapcKoM ODJIMKY OaTa ca T = —%t + 1—58, Y= %t - %7 z=1,t€eR, a y kKaHOHCKOM ca
18 1
S r—F Ytz =z
p: 2 4 - I )
5 5
. . — 2 4 — —
oJakie NOOMWjaMO na je BEKTOp IpaBHa U, = (—g, 5 1). Kako cy Bexropu ), U ¥U; IPONOPHUOHAJHN MOMKEMO y3€TH

ma je k =5 (ma me O6u mManu pas3noMie) u ouxa je U, = (—2,4,5). Jemnaumma mpase ¢ KOja MMa BEKTOD IpaBla
z+1 y—3 2+2

Uy = (—2,4,5) u canpsxu raury A(—1,3,-2) je ¢: 5 1 3 [ |
6. 6.25. Onpenutu mpaBy r koja canpsxku Tauxy A(3,2,—5) m BexkTOp mpaBma joj je HOPMAJAaH Ha IIPaBe
x—2 y+3 z-1 zx+2 y+3 z+1
O T T
Ynymemea.  Berxropu mpasna cy v, = (3,-2,1) u ¥, = (2,3,—3). 36or ¥, L U, u U, L ¥, MmoskeMoO y3ern
U, = U X Uy = (3,11, 13).
-3 -2 5
Kako mpasa r canpsxu tauky A mobujamo na je r: i 3 = yll = Zl—; . |
r+2 y—5 z+4 r—2 y+5 z+3
7. : = = : = = A€ER).
Ilate cy mpase p 0 ) M 5 3 , (AeR)

a) OgpemuTy BpEOHOCT PEASHOT MapaMeTpa A TAKO Ja Ce IPAaBE P U ¢ CEKY.

6) 3a BpemHoct A\ ompebeny y mesmy mon a) OApeaUTH Mepy OMTPOTr yria KOju TPane IpaBe P U ¢, KA U jeIHAUNHY
paBHu K0jy ompebyjy oBe mpasge.

r— T Yy—u 22—z T — T2 Yy—1Y2 Z— Z2

Pewewe.  a) Ilorpeban ycioB ma ce HemapaJejHe IPaBe = = u = = CEeKRy
I mi ni la ma n2
jecre
Ty — T2 Y1 —Y2 ~1— %2
l mi ny =0.
l2 ma n2
(=2)=2 5-(=5) (=4 —-(=3)
3a mpase p u ¢ gobujamo 1 —4 1 =6A+6 =0, omarue je A = —1.
2 -2 A



6) Yrao ¢ m3meby mpaBux p m ¢ Koje ce ceky je marT ca cosg = — ———. Kako cy BeKTOpHM mpaBua OBUX IpPaBUX

U, =(1,-4,1) u ¥, = (2,—2,—1) nobujamo ma je

Ty -ty =(1,-4,1) - (2,-2,-1) =248 —-1=9, |5,| =12+ (—4)2+ 12 =3V2, [i,]= 22+ (-2)2+ (—1)2 =3,

1 . 1 T
——, IITO TMOBJAYM Oa je yrao mdMely mpaBuUxX (p = arccos —— = —.
V2 V2 o4
PaBan 7 Koja caap:ku mpaBe p U ¢ UMa BEKTOD HOPMaJie 7, KOjU je HOpMAaJlaH W Ha IpaBe p W ¢, ma je i, L 171, u

ity L U;, Te MOKEMO y3eTn na je fix = 50, X Ug, Tj.

ma je cosy =

N A R T
fie==|1 —4 1]|==(6i+3]+6k) =(2,1,2).
Sla 2 g 3

Papan 7 canpxu P(—2,5,—4) cap, ma je a: 2- (x— (-=2))+1-(y—5)+2-(2—(-4)) =0, 1j. 2z +y+22+7=0. MW

Hamomena. Jleo mom a) ¢MO MOIJIM [a PENIMMO TAKO MTO OMCMO TPa:KUIIM IPECEYHY TAUKy NpaBuUX p U ¢. Kako je
r+2 y—5 =z2+4
1 -4 1

r=-24+t y=5—-4t, z=-4+1,

IpaBa p y KAHOHCKOM OOJIMKY p: =t, oHa je y mapaMeTapCKOM ODJINKY

r—2 y+5 z+3

5 ) b\ = § Yy IapaMeTapCKOM O6JII/IHy

IOK je q:
r=2+2s, y=-5—-2s, z=-3+ As.
IIpeceuna rauka T npunana obema mpaBama Ha 3a BY BajKU
r=—-24+1t=2+2s, y=>5—4t=—-5-—2s, z=—4+t=-3+As.

N3 1 u Il jemnaunne nobujamo na je t =2 u s = —1, mro rax 3amenumo y III maje —44+2= -3+ X-(—1), 7j. A= —1.
IMpumerumo nma cmo oBako noGuaum u kKoopauHarte npecedde tauke 1(0,—3,—2), OOK CMO HPBMM HAUWHOM CaMO
YTBPAMJIU a8 Ce OBE MpPaBE CEKY.

. r—3 y+1 2z-2 20 +y—22—1=0
8. Nspauynaru pacrojawme usmeby npasux p: = = uq:

20—2—1=0

1 2 2

Cinka y3 3amarak 8.

Ynymemea. VI3 kaHOHCKOr 00/IMKa IpaBe p HAJIA3UMO BeKTOp mpasua U, = (1,2,2) u jenny meny rauxy P(3,—1,2).
IIpaBa ¢ y mapamerapckoMm obIUKY je x = % —+ %t, y=t, z=1 (t € R), na je Bekrop mpasma v; = (%, 1,1). Kaxo je
Uy = %17,, nobujaMo ma cy mpaBe p W ¢ mapaJiesiHe. 3a HEKy KOHKPETHY BPEeTHOCT mapamerpa t, Hop. t = —1, nobujamo
raury Q(0,—1,—1) ca npase q. Pacrojame on mpase ¢ 1o mpase p je jeqHako pacTrojamy Ol Tadke () 10 Tpase P, Tj.
—
[Up x PQ| -3 - oA - A .- .
d(q,p) = d(Q,p) = TR PQ = (-3,0,-3) ma je ¥, x PQ = (—6,—3,6) = |, x PQ| =9. Jow je |U,| = 3, na je
Up
9
TpaskeHo pacrojame d(q,p) = d(Q,p) = 3= 3. |

Hanomena. 3anaTak ¢cMO MOTJIM PEIIUTH W TAKO ITO Ou onpemuau npojexmujy P’ tauke P ma mpasy q. VcTo kao y
IPEeTXOMHOM HauuHy 6m mobumu ¥, = (1,2,2) u P(3,—-1,2), kao u ¢q: ¢ = % + %t, y=t z=t (t€R). Karo P’ € ¢
o PI(L L - P (1, 5 _ P e
umamo na je P'(5 + 5t,t,t), omakne je PP' = (5t — 5,t +1,t — 2). W3 ycmosa PP’ 1 v, 1j. PP’ -1, = 0 umamo
- 1 5
PP -9, = 5t75+2t+2+2t74:0.

—_—
Ilo6ujanmo t = 1, ma je P'(1,1,1). Konauwo je d(p,q) = |[PP'| =|(-2,2,—1)| = V9 = 3.



1 -1 1 -2
9. 6.22 (1). MWspauymaru pacrojame uzmehy npasux p: % = % =z 5 B¢ % = % -z 1
Pewewe 1.  IlpaBe p m ¢ Hucy mapaJsense jep UM BekTopu mpasma U, = (1,1,2) u v, = (1, 3,4) HuCy IpPOIOPINOHAIHI.
(-1)=0 0—(-1) 1-2
Cnuuno Kao 1 y 3amaTKy 7 U3 NEeTEPMUHAHTE 1 1 2 | = =2 # 0 mobujamo ma ce mpaBse p U ¢ He
1 3 4

CERYy. Kako one HUCY IIapaJieJIHE 1 HE CERYy C€ OHe CYy MUMOUJIA3HE.

Pacrojame u3meby nBe Mumounasue nmpase p u ¢ (p je mara taukom P(—1,0,1) u Bekropom mpasua 7, = (1,1,2), a
N - = e
7% i) P i 3 k
g ca Q(0,-1,2) nu v, = (1,3,4)) mato je obpacuem d(p,q) = w. Kako je U, x Uy = |1 1 2| =(-2,-2,2)
|Up X UQ| 1 3 4
.o o\ DA Lo . . 1
umamo ma je (U, x ¥,) - PQ = (=2,-2,2) - (1,—1,1) = 2 u |7, x ¥,| = 2V/3, ma je pacrojame d(p,q) = —=. [ |

V3

Pewemwe 2.  Ilpoussossna Tauka T ca npase p mara je cax =t—1, y=1t, z=2t+1 (t € R), ommocuo T'(t —1,¢,2t+1)
—

u camyso je S(s,3s —1,4s + 2) npousBosmHa Tauka ca npase ¢, na je TS = (s—t+1,3s—t—1,4s — 2t + 1). Pacrojame

u3mebhy mpaBux p u q je

d(p,q)

min d(T, S) = min |T'S| = min /(s — £ + 1)2 + (35 — t — 1)2 + (ds — 2t + 1)2
min /2652 — 24st + 4s + 612 — 4t + 3 = \/min(26s% — 24st + 4s + 6t — 4t + 3).

Keanpatau tpunom 26s% + (4 — 24t)s + (6t2 — 4t + 3) uma xoedurmjent a = 26 > 0 (b =4 — 24t u ¢ = 6t — 4t + 3) ma ce
b 4-24t 6t—1

MUHVMYM OOCTUMKE 3a § = —— = —

U Taj MUHUMYM je

2a 52 13
6t—1)2 6t—1 2 _ 642 _ 28 37
26 (S1)7 + (4 —24t) - B2b 4+ (612 — 4t + 3) = St — By 4 3T
b _28
MunumyM u3pasa %tz — %t + % ce mocTmke 3a t = 5 = *717;3 =3 U OH je jemHax 1—63 . (%)2 — %g . g + % — %
13
1
Konauro mo6ujamo ma je d(p,q) = 1/ = —=. -
PO =V5= 75
Hamomena 1.  uckycuja y oBoM pememy he mhu Majio Jakile ak0 KOPUCTUMO WM3BOAE 32 TPAKEHE MUHUMYMA

GyHKIUMje 1y MeTole 3a Tpaskeme exkcrpema (yHkuuja Bume npoMeniuBux (Ha POH-y ce yue y Maremarunu 2).

Hamomena 2. Ha oBaj Hauun cmo ompenunu u koopauHaTe Tauke 1’ ca p u Tayke S ca ¢ KOje Cy Ha TOM MUHUMAJHOM

oncrojamy. 3a t = % nobujamo T(%, %, %) us= % = 1 ompebyje S(1,2,6).

Pewewe 3. Opnpenumo mpaBy 1 KOja je 3ajelHMYKa HOpMAaJia ImpaBe p u npase q. Rako jen L p, n L g To u 3a
IbUXOBE BEKTOpE IpaBla Baxu U, L Up, ¥ L ¥;. Crora moxeMo yseru na je v, = %ﬁp X Uy MIN HEKM KOJIUHEAPaH
BekTOp. Kako je

T, X Uy = =(-2,-2,2)

==
W = Sy
=N

yaehemo ¥, = — 37, x U, = —1(—2,-2,2) = (1,1, -1).

Ompemuau ¢cMO BEKTOD IPAaBIA paBe N, AJU HAM je TOTPeOHO na OAPEeArMO W jeAHy TAJyKy Ha TOj IpaBoj aa OucmMo
UMaJIN je THAYWHY IIpaBe M.

Oppennmo paBas T KOja je ompebena mpaBama p m n. Iben BekTop HOopMmaine je i, L ¥y u iy L ¥,, ma MoxeMmo

y3eTHu na je iz = U, X U, UIM HEeKM KOJMHEeapPaH BEKTOp. Kako je

i ik
Ty xt, =1 1 2|=(-3,3,0)
11 -1
ysehemo iy = — 10, x ¥, = —%(—3,3,0) = (1,—1,0).

Kako paBan 7 canp:ku 1eay IpaBy p OHA CAIP:KU U mery tadky P(—1,0,1), na nobujamo ma je jenHauyuna paBHU
7 jemmaka 7: 1 (. — (=1)) =1-(y—0)+0- (2 — 1) = 0, onHOCHO

m:x—y+1=0.

Y mnpeceky paBHU T u OpaBe ¢ mobujamo taury S. Ta Tauka 3am0Bo/baBa U jenHauuHy paBHu m: X —y+ 1 =0u
jemHauuHy mpase ¢ (HAjUOTIHUjE je na y3MeMO mapaMeTapcku obnmk) ¢: ¢ =8, y =3s—1, z =4s+2 (s € R). Crora
mvamo ma je x —y+1=s—(3s—1)+1=—-2s+2=0, onakaue je s = 1, mro maje rauxy S(1,2,6).
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Cauxka y3 3amaTtak 9.

Ila 6ucMo ompemunm Tadky 1 IOHOBMNEMO MCTU IIOCTYNaK: oApenuieMoO paBaH 0 KOja CAIPKM NpaBe ¢ U N U Yy
IIPECEeKYy PaBHU 0 ca TpaBoM p mobujamo taury 1.

i j ok
Mo =UpXUp=[1 3 4|=(-75-2) nu QO0,-1,2) = o: —7(z—0)+5(y—(-1)) —2(z—2) =0,
1 1 -1
Tj. 0: —Tx+5y —22+9=0. ¥YBpcTuMO 0BIe mapamMeTapcku 3a1aTy npaBy p: c=t—1, y=1t, 2z =2t + 1 u mobujamo
—6t+14=0, 1j. t = %, YuMe CMO OJPEIUJIN TAUKY T(%, %, %)

Tpakeno pacrojame usmeby npase p u ¢ je jeIHAKO PaCTOjarmy TAUKe T(%,% 1?7) u tauke S(1,2,6), mro je nHTEH-

— — 1
suter extopa ST, 1j. d(p,q) = d(T,S) = |ST|=|(},4,-%)| = \/(%)2 +(h24(-Li2= 7 [ ]
Hamomena 3. Haxkon mTo cmo oapemuau S(1,2,6), co63upoMm ma cMmo npe mamuu o, = (1,1, —1), morau cmo ma
1 y-2 -6
ONpeaMO jeHAUMHY 3ajeIHMYKEe HOpMaJie 1 Ha IpaBe p U ¢ — TO je n: e = Y = z T IHame cmo Tauky T

Morsu na Habhemo Kao mpecek mpaBe p U MpaBe q.

10. 6.28. Ogppemutu Tauky B cumerpuuny tauku A(—1,0,—1) y ogmocy Ha pasam a: 2z +y— 2+ 7 =0.
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Cuuka y3 3amarak 10.

Pewewe.  Ha Ou ompemuau cumeTpuuHy Taury B morpebHO je ma npBo omgpemumo npojerrujy M taure A ma paBan
«. Bekrop ¥, HOpMase n paBaH « je U, = N, = (2,1,—1) u npasa n caapxu taury A(—1,0,—1). Crora je mpasa
n y mapaMeTapckoM obmukry n: r =2t —1, y =1%, 2 = —t — 1. Kanma 1o 3aMeHUMO y jenHAYMHy paBHU & TOOUjaMo

22t —1)+t—(-t—1)+7=0, 1j. 6t+6 =0, onmocuo ¢t = —1, nma je M(—3,—1,0).
3a roopaunare cpemuinta M nysxu AB Baske jeOHAKOCTHU

. :$A+Z‘B :yA-l-yB . :ZA+ZB
M 2 ) 2 ) M 2 ’
na omaTie HAJNA3UMO Tp = 2Tp — XA = —D, Yy = 2ym —Ya = —2, 2 = 2z — 24 = 1, 1j. B(-5,-2,1). |

z+1 y+1 2z2-4
10 2

11. Oapenntu tauky B cumerpuuny tauku A(—1,0,—1) y omHOCy Ha mpaBy p:

Cuauka y3 3amarak 11.



Ynymemea.  Heka paBam 7 canpsu Tauky A m HOpMaJiHa je Ha mpaBy p. MosKeMO y3eTu 1a je HmeH BEKTOD HOPMAJe
iy = U, = (1,0,2). Omarne mobujamo ma je m: x + 2z + 3 = 0. Y mpeceky mpaBe p m paBHE T NOOHjaMO TadKy
M(-3,1,0). Ha ocuoBy roopmunata tauaka A u M nobujamo cumerpuuny taury B(—5,2,1). [ ]

12. 2. ucuutr okrobap 2007. IHare cy raure A(0,2,-5), B(5,1,—4), C(1,3,-3) u M(3,-7,9). Onpemuru jenHaduny
paBHU K0joj mpunanajy tauke A, B u C, a 3atuM ompenuTu npojexuujy tauke M Ha Ty paBas.

Ynymemea.  Paan koja canpsku tauke A, B u C je w: z + 3y — 2z = 16.
x—3 7T z-9

Hopwmana va paBan m u3 tauxe M je mpaBa n : = y—:;- = (=t), na ce npojekrmja P tauke M Ha paBan
T nobuja 3a BpemHOCT mapaMeTpa t = 22, rj. P (4,2 1) [ ]
13. 6.31 mam 7.mpb.3. Ompenutu jemuauuny mnpase Koja canp:xm tadky A(3,—2,4), mapaJsenHa je paBHU

r—2 y+4 z-1
a: 3x — 2y — 32 — 7 =0 u ceue npaBy p: = = .

3 -2 2
P r—3 y+2 z+4+4
eyamam.  a: = = .
v 5 =6 1

IIpoyuutu cBa 4 HauuHa 3a pelmraBame OBOI 3aJaTKa KOju Cy HaTu y 30upiu! |

z+1 y+2 z-1

14. Oppenuru jemuauuny paBHU Koja canp:xku Taury A(2,—3,1) u mapanenna je nupaBaMa p: 3 3 5 u
x—=7 y+4 z-1
Ty T T T e
Ynymcmea. 3a TpakeHy paBaH « BaxHU « | p, || ¢ = 7y L U, #a L ¥;. Crora moskemo y3erTu, HIp. Oa je
ito = —30, x U; = (1,1,0). Onatne je a:1-(x—2)+1-(y—(=3))+0-(z—1)=0, omsocro a: x+y+1=0. |
15. Oppemutn jenmaumHy mpase koja canpsku taury A(2,—3,1) m ceue mpase p: :cg—l = y—|—32 = 2;1 u
=7 y+4 =2-1
2 =2 2
xr—2 y+3 z-1. .
Pewewe 1.  Ilpom3BospHy npaBy a Kpo3 Tauky A MOMKEMO MPENCTABUTHI KO G : T T T o jepje A(2,-3,1),

a MOKEMO Y3€TH 4 je HElMO3HATU BEKTOD mpasua U, = (u, v, w).
Y 3amaTky 7 CMO Ce CPeNu ca yCJIOBOM Ja Ce ABe ImpaBe CeKy. Kaj ToO MCKOPUCTUMO 3a mpaBe p U a Hodujamo

(1) =2 (=2)—(=3) 1-1
3 -3 2 | =2u+6v+6w=0.
u v w

Kan To uckopucrumo 3a npase ¢ u a qobujamo

7-2 (—4)—(=3) 1-1
2 -2 2 | =—2u—10v—8w = 0.
u v w

Ilobunu CMO XOMOTEHU CUCTEM u + 60 4+ 6w = 0 ¥ TOTPEeOHO HAM je jelHO HeroBo pememne (jep Ham
—2u — 10v — 8w = 0
Tpeba caMo jeHa BPEOHOCT 3a U,). PemaBamem gobujamo Hup. w = —2, v = 1, u = 3, Tj. TpakeHa mpasa je
=2 y+3 =z2-1 n
S T T
Pewewe 2. IIpso hemo mpoBepuTu ma 1u ce HemapaJelHe HpaBe P U ¢ CeKy (HHCY HapaJielHe jep je Uy # A - Up):
(D=7 (=2)-(-4) 1-1
3 -3 2 =12 # 0= p u ¢ ce He cexy (Oma cMo mOoOmiM Ja ce CEeKy TpPa)KeHa mpaBa a 6u
2 -2 2

nposasmiaa Kpo3 gary Tauky A u kpo3 mpeceuny tauky 1 mpase p u mpase q).
Ilame hemo xkao y pememny 3 3amatka 9 popMupaTry paBaH T KOja CAIP/KU IpPaBe P U ¢, OOHOCHO IPABY P U TAUKY
A. By noBujamo tako mTo y3memo tauky P(—1,—2,1) u3 kaHoHCKOr 00auKa npase p u gobujaMo na je

-

J
-3
-1

—
fix = U, x PA=(3,-3,2) x (3,—1,0) = = (2,6,6).

S
(el Nl



Papan 7 je ompebena ca iy u A, na je 7:2-(x —2)+6- (y—(-3)) +6- (2 — 1) =0, onnocHo 7: 2z + 6y + 62 + 8 = 0.
Y mpeceky paBHU T U OpaBe ¢ nobujamMo Taury S:

2-(2s+7)+6(—25—4)+6(2s+1)+8=0 = 454+4=0 = s=-1 = S(5,-2,-1).
Tpasxkena mpaBa a je mpaBa Kpo3 Tauke A u S, ma MOKEMO y3eTU [a je HeH BEKTOD HpaBla U, = %—5’ =(3,1,-2) u
x—2 y+3 z-1
31 =27

KOHAYHO mobujamo ma je a:

16. lara je paBan a: x +y — 2+ 1 =0 u mpaBa p: —— = = = . Onpemuru

z—1 y z+1
0 2

a) mpecevyHy TAUuKy HIPAaBE P U DABHU (]

6) Mmepy yraa usmeby mpase p u paBHU «.

Cauxka y3 3apmarak 16.

Pewemwe 1. a) IIpasa p y mapaMmerapckoM obmuky je p: = 1, y = 2t, 2 =t — 1, WTO Kax yBPCTUMO Y jeAHAUUHY
paBuu « nobujamo 1+ 2t — (t — 1)+ 1 =0, omsocuo t = —3, na je npeceuna rauka A(l, —6,—4).

6) ¥Y3mumo jenny tauxy P ca mpase p (pasauunry on mpoaopa A) m ompenuMo meHy npojekuujy P’ Ha pasam «.

Y3zehemo P(1,0,—1) koja je mara KAHOHCKMM OOJIMKOM jemHAUMHOE mpasBe p. lIpaBa n HOpMaJiHA HA paBaH & U KOja
. . . z—1 z+1 .

npoJsiasy Kpo3 Ttauky P mma BekTop mpasua U, = i, = (1,1, —1), ma je n: = % = T Tj. n: x=s5+1, y=s,

z=—s—1. Kana oso yBpcTumo y jemmaumny pasau o mobujamo s = —1, tj. P’(0,—1,0).

Cana u3 mpasoyraor Tpoyraa AAP'P mobujamo na je Tpaskenu yrao @ onpeben ca
P'A| |(-1,5,4) V42 [14
cosp = = = =1/—,
PAl 10,6,3)] Va5 V15
14

OAKJIE je ( = arccos = - |

Hamomena 1. la mam ce Tpaskuia IPOjeKIuja IpaBe p HA PABaH «, 33JaTaK OU MOTIYHO MCTO PALUJIM, CAMO IITO
6u jom TpaskeHy npojermujy (mTO je mpaBa a HA TOPH0] CIWUNM) OAPEIUIN KAO IpaBy Kpo3 Tauke A u P’

Pewemwe 2. a) Osaj neo 3anaTka pemaBaMO MCTO KAO MaJoOIpe.

6) Yrao ¢ msmeby npase p u paBau « (Koje ce CeKy), YMju Cy BEKTOPU LpaBLa U, U HOpMaJje 7, HaT je ca:

sing = M.
AR
K je U, =(0,2,1) u 7 (1,1,—1) mobwu;j je si 1 1 j n |
ako je U, = (0,2,1) u 7, = (1,1, —1) mobujamo ma je siny = ———= = ——, Tj. p = arcsin —.
? “ V5-V3 V15 V15
Hamomena 2. Y oBa mgBa HauwmHa je ompeDeH HMOTIYHO WMCTH yrao, CAMO je OH Apyradrje 3ammcaH. 10 MOKEeMO

m
IIPOBEPUTH je€P 34 CBAKM yrao BaKU sin2<p+0052<p =1, a karo je 0< p < 3 0 jem 0<sinp<1u0<Lcosp<1. Tj. us

— /4 i - _ 2 H— _ 14 _
cosp =4/1F = sinp=y/1—cos?p= = =



