VIII nBouac Be:xk6u — Buamumvup Banruh
8. Hu3oBm

Osoe je dam xpamax npeened VIII dsouwaca sencou. Ilompebro je da obrosume odzosapajyhy meopujcky ma-
mepujy xoja je obpabhena na npedasamuma u Y Yud eHUKY.

Kaxo ce najsehum deaom wa eemcoama pade 3a0auu us sdupke, Haxor 6poja 3a0amxa naagom 60jom je 03nauer
bpoj sadamxa y soupyu "MATEMATHUEA 17 npogecopa P. Jlasoeuha, . BHopuha uw B. Josarnosa y dopmu
p.z, 2de je p 6poj nozaasma, a z 6poj zadamxra y mom nozsasny. Osu 3a0ayu Ca NPEOCMAAUMG U3 30UPKE
(uz nozaasma 8. Husoeu”, xao u onum uz noeaasna ”15. Jpyeu xoaokeujym” Koju cy eesanu 3a 08y mamepujy)
YUHE YEeAURY 0080.HHY 30 NPUNPEMY 08€ 00.4GCTNAU.

. . . n+2 1
1. &.1. Kopucrehu nedununujy rpanunyse BpenHOCT HUM3A, AOKa3aTu na je lim =—.
n—oo 2n + 1 2
_ n+42
Pewemwe 1. Oszmpaunmo ca a, = T -

IMorpebuo je na mabemo ng(e) y medpuHUIMju rpaHUYHE BPEIHOCTU HU3A:
(Ve > 0)(Ing e N)(Vn = ng) |an —a| <e.

. o n+2 1 _ @Cn+4)—-(C2n+l) 3 _ : 3
OapemMo KOMMKO je a, —a = 5025 — 5 = T = g3 Y3 yeaosa |a, — al < & mobujamo ;%5 < €, omarie
3 1

. 3 . 3 3 1 . . _ 3 1
HaJIa3uMo na je 2 < 4n+ 2, 1j. £ —2 < 4n u korauHo ;- — 5 < n. Kako je n > ng moxkemo yzetu na je ng = (45 2]

TwumMme cMO TOKa3aaM na 3a CBAKU MO3UTUBAH OPOj € MOCTOju TMpPUPOIAH OPOj ng = {43—6 — %] (roju 3aBuUCH O €)
TaKaB Ja 3a CBAKO M > ng BaxKU |a, — %| < €, ma cMO mo AeUHUIVjU IMOKa3aau aa je lim a, = % |
n—oo

Pewewe 2. Y oBoMm HaumHy NeMO WIyCTPOBATU KAKO NEMO YIrIaBHOM padyHATH IPAHUYHE BPEAHOCTU HU3OBA.

2 2 1 Ly2 1+2 1
lim 22— im ST m gy o m gy —m L n
n—oo2n+1 nooo2n+1 = meoo S o n—><>02+H 2
2n+1)°
2. 8.9. Wspauysatu rpaHnydy BpegHOCT HU3A (@) DATOr (GOPMYJIOM OLINTEr WIAHA A = 3 5)
n—
3 3 13 1y 3 3
2n+1 2n+1 = 2+ = 2 8
P . li = i 2 =1 ) =) =—. |
one i (555) = (5155) - (2) = (52) - (5) -3
3. 811. U _ (s
. 8.11. 3pavyHaTU TPAHUYHY BPEIHOCT HU3a (G,) HATOr (OPMYJIOM ONIITET YIaHA (4, = W .
Pewewe. Y oBom 3amarky hemo rkopuctutu ciaenehu aumec:
0 -l1<gx1
1 =1
lim ¢" = 4
n—00 +00 g>1
He nocrtoju ¢ < —1
N CRC U TR SF SIS 1 0 LR LN U SO
lim o i lim —s o S S lim P = = — [ |
n—oo (—2) +3 n—oo (—2) +3 TATT n—00 (%) + 1+l 0+ 3
4. 8.15. N3spauynaTu rpaHWYHy BPETHOCT HU3A (a,) AATOT (OPMYJIOM ONINTET WIaHA Gy = VN2 +n —n.

vVni+n+n n%+n—n? n
Peweme. L= lim V/n24n—-n=lim Vn24n—-n-——=u " " = lim —— " = lim ———
n—o0 n—oo vVni4+n+n noey/npZ4n+4+n noey/nZ4n4n

Caﬂa hemo un TOPBY U JO0BY CTPpaHy Pa3J/JIOMKa IOMHOKUTH Ca %, opun yemy hiemo Kad MHOKMMO Ca KOPEHOM y3UMaTU

n

na je £ = 1/# (oBO Baskm jep m — 00, Tj. jep je n > 0, ma je taxa vVn? = |n| =n):



L= lim i

n—oo \/nZ tnt+n

3= 1=
|
—
=
=
\
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5. 8.17. MspauyHnatu rpaHnvyHy BPpEemHOCT HU3A (dn,) AATOT CA dp = T3 + 33 +... 4+ Y CEER
2—-1 3-2 4-3 (n+1)—n 1 1 1 1 1 1 1
P . L =1 i ———— = lml—=-4+ - =4+ - —- 4. - = =
cuene T2 "o taa T n(ntl) nom 2T273T3ogl n o on+tl
1
lim 1— = |
n—o00 n+1
1+24...
6. 8.19. Vspauysatu rpannyiy BpPegHOCT HU3A (dn,) DATOT (GOPMYJIOM ONINTEr WIAHA A, = w .
n
Pewewe.  Cyma apurMmeTnyke nporpecuje je mara GpoOpMyIoM
. 1
1+2+...+n:$.
n-(n+1) 1 1
— 1 1 = 1+- 1
Yo6anmumo y maTy TpaHUYHY BpenHocT u mobujamo L = lim = lim nt = lim ntl T = lim no=_,
|

7. Kopucrehu teopemy 0 KOHBEpPreHUUju MOHOTOHOI ¥ OTPAHUYEHOr HU3a JOKA3ATU KOHBEPreHuujy Hu3a (a,) ako je

n?+1
a, = rTaE
Pewemwe. OpenuMo OIpBUX HEKOJIMKO WIAHOBA HU3A: 4 = %, as = 8, as = %, aqg = g,

[Ipnmehyjemo na je oBaj HE3 pacTyhu, aau TO MOPaAMO U CTPOTO MATEMATUYKM Ja IIOKAKEMO.

MonoToHOCT:
~(n+1)*+1 nP42n+2 3a2>2 %(n2+n2+n2)_n2 n?4+1
Gntl = 3ntl o 3-3" = I T T < 3n n-

OBuM cMO TOKa3a/uM na je Hu3 omanajyhu.

Orpanuuenoct: Kako je mu3 onanajyhu to Basku na je % =a;>az>...>ap.

2
Ca npyre crpane umamo n? >0 = n? +1> 0, mro ca 3" > 0 maje a, = " > 0.

3uaun, yrynHo nMamo aa je 0 < a, < % Te je HU3 OrDaHUYEH.

Ha ocHOBY Teopeme 0 KOHBEPTEHIMjU MOHOTOHOI W OTPAHWYEHOT HU3a AOOMjaMO ma HU3 je HU3 A, KOjU jé MOHOTOH

(MonOTOHO Omamajyhm) m orpaHUYEH U KOHBEPTEHTAH. |
8. 15.mp2.1 n j (an) j + ! +...+ !
. .op2.1. COUTATU KOHBEPTeHnujy Husa (a,) ako je a, = —— + —— + ...+ —.
p prenunjy n Je an ntl nio 3
Ynymemea.  IlokazaTtu ma je HM3 MOHOTOHO OHAJajyNy mocMaTpameM U3Pasda dpi1 — Gp.
Kako cy cBu cabupim mo3uTwuBHUA TO je U a, > (0. 3a orpaHnueme ca Apyre CTpaHe KOPUCTU Ce %Hc < %, ma je
=gttt <sttet...+r=2n =2
| —
2n
Kako je HM3 MOHOTOH M OrpaHudYeH JOOMjaMO Ia je OH U KOHBEPIeHTAaH. ]
9. &.11. Kopucrehu Tteopemy 0 KOHBEPreHIMjU MOHOTOHOT U OTPAHWYEHOT HU3A MOKA3ATU KOHBEPIEHIU]Y HU3A
1 1
Gn) KO je G = —= + —— + ...+ .
(an) axo je an = 77 + 795 Bn+1)-(3n+4)
Ynymemea.  Hwus je monoTono pactyhn. 3a OrpaHMYEHOCT UCKOPUCTUTU 1A j€
1 1 1
1 _ 373 «_3 __3
Bk+1)-3k+4) (Bk+1)-3k+4) 3k+1 3k+4
MoHOTOH 1 OrpaHUYEH HU3 KOHBEPIUPA. |



10. 8.28 (2). Ilorasatwm koHBepremmumjy Hu3a (a,) u m3pauyHaté lim a, ako je Sa,i1 = a,? +6 u a; € (2,3).
n—oo

Pewemne. [Tokakumo mpBO ma je maTw HU3 OrpaHwdeH, Tj. ga Baxku 2 < a, < 3. To hemo ypamuru Ilpmanumom
MaTeMaTUYKe WHIYKIU]e.

Basza unayrnuje: 3a n = 1 rBpbheme Basku Ha OCHOBY ycJoBa 3azaTka na je ai € (2,3).

Wunykumjcka npernocraBka: [IpernmocraBumo na 3a n = k tBpheme Baku, Tj. 2 < ai < 3.

WNunyrmujckm kopak: Ilocmarpajmo mra ce memasa 3a n =k + 1:

10 246 15
2<ap<3 = 4<a’<9 = 10<a®+6<15 = 2=€<%<€=3 = 2<ap <3.

Ha ocuoBy Ilpunnuna matemMaTuyke MHAyKNUje ciaenu na 2 < a, < 3 Ba)Ku 3a CBe mpUpoIHe Opojese.

an®+6 an® — 5a, + 6
S =
t2 —5t+6 <03a2<t<3. Twae cMO MOKa3aJM A2 je OBaj HU3 U omamajyhu, Tj. MOHOTOH je.

Cana hemo mcnuTaTyéi MOHOTOHOCT: dpy1 — Gp = < 0 jep je xkBaZpaTHM TPUHOM

Ha ocmoBy TOra mTo je MOHOTOH M OrpaHudYeH NOoOMjaMo na oBaj HuU3 u KouBeprupa. Os3maummo ca A = lim a,.
n—0o0

Tana je u lim a,41 = A, ma Kan y jeAHAKOCTU DUy 41 = an? +6 IyCTUMO Aa N — 00 mobujamo
n—oo

5A = A? +6.

Kana pemwumo oBy kBamparHy jemmaumny mobujamo ma je A = 2 wau A = 3. Kako je mu3 omanmajyhu u kako je
a1 < 3 (u3 mocraBke 3amaTka) mobUjaMo Ia OBaj HU3 HE MOJKE Na TEKU Ka 3 HErO MOpa Ka 2, Tj. MOKA3aJu CaMo Ia je
lim a, = 2. [ |

n—oo



