IV mBouac Be:xkOou — Buamuvmup Baaruh
2. JImmeapna ajsireopa

Osoe je dam xpamax npezaed IV dsouaca seucobu. Ilompedbro je da obrosume odzosapajyhy meopujcky mamep-
ujy xoja je obpahena wa npedasanuma U Y yud enuKy.

Kaxo ce najeehum deaom mna semcobama pade 3adayu us sdupke, Haxkon 6poja sadamra naagom b60jom je 03-
Haven 6poj zadamixa y 3oupuu "Memoduwka 36upka pewenur zadamara uz Mamemamuxe 17 aymopa Baadumupa
Laamuha v Oausepe Muzuh y gopmu x.2., 20e je x bpoj eaase, a z 6poj 3adamxa y moj enasu. Osu 3adayu ca
ONUM CG MUCMENUT U KOAOKBUJYMA 00 NPEMIOONUT 200UHG YUHE YEAURY 0080.HHY 34 NPUNPEMY 08€ 00AGCTIAU.

2.2. CucrteMu JIMHEAPHUX jeTHAUUHA

r — y + 3z =1
1. VcnuraTtu caryiacHOCT U PEIIUTU CUCTEM JWHEAPHUX jemHaumua & + 2y — 2z = 1
3 + 3y + =z = 2
Pewewe 1. IlerepMmuuanTa cucreMa A W ocrajie meTepMUHAHTE Koje ce jaBmajy y KpamepoBum dopmynaama
(Ag, Ay, A) cy jennake:
1 -1 3 1 -1 3 11 3 1 -1 1
A=|1 2 -—1/=0, A,=11 2 —1]=5, Ay=11 1 —1|=—-4, A,=1 2 1/=3
3 3 1 2 3 1 3 2 1 3 3 2
Karo je A=0wu A, =5 # 0 cucreM HeMa pememna. |

Hamomena. Osne HucMo Hu Mopausn ma oxpebyjemo Ay, u A, jep cmo Beh Ha ocHOBY A u A, mobunn ma cucreMm
HEMa peIIena.

Pewewe 2.  Pemasahemo cuctem 'aycoBuMm cucTeMOM eIMMUHAI]E:
r — y + 3z =1
z + 2y — =z = 1 II-1
3r + 3y + =z = 2 III-3-1
r — y + 3z = 1
Jy — 42 = 0
6y — 8 = -1 III-2-1I
r — y + 3z = 1
3y — 4z = 0
0 = -1 |
Kaxko je III jemmauwmna 0 = —1 # 0, Ta jenHauyrHa HEMa pellena, a U e0 CUCTEM HEMAa PEIleHaA. |
z — y + 3z =1
2. Mcnuraty cariacHOCT M PENIUTU CUCTEM JUHEAPHUX jemHadmHa < + 2y — 2z = 1
3z + 3y + =z = 3.
Pewewe.  Karo cy cse nerepmuuante A = A, = Ay = A, =0 cucrem MOPAMO pemasatu ['aycoBum cucremom
eJIMMUHAI]E.
r — y + 3z =1
r + 2y — 2z = 1 II-1
3z + 3y + =z = 3 III-3-1
r — y + 3z =1
3y — 4z = 0
6y — 8 = 0 III-2-1I



r — y + 3z =1

3y — 4z = 0
(=

r — y + 3z =1
3y — 4z = 0

IoBuiu ¢cMO cucTeM y CTemeHacTOM OBJUKY, y KOMe Cy IPOMEHJbUBE & U Y Be3aHe (OHE Cy HA MOYETKY jeIHAUUHA),
IOK je mpeocTajia IPOMEHJBUBA, 2 CI000MHA U HOj MOMAEJbY)jEMO BPEIHOCT IapaMeTpa:

z = q, a e R.

Crora oBaj cucreM MMa BUIIECTPYKO pelleme Koje 3aBucu on 1 mapamerpa. Jlame, y mobujamo u3 Il jemmauwune:

Y= —3 a. Konauno rana z n y yBpcrumo y 1 jennaunny nobujamo x =1 — 3 Q.

CucreM mMa BUIIECTPYKO Pellene Koje 3asucu on 1 mapamerpa: (z,y,z) = (1 —3 a, 3 a, oz), a € R. |

Hanomena. Kaxkxo je mapamerap o mpou3BoJ/baH peajian OpPOj, MM CMO MOTJIM Aa y3MeMO Oa je « = 3t m mobusau Ou
" nenme” pemewe (,y,z) = (1 — 5t,4¢,3t), t € R.

r + vy + z =1
3. VcnuraTu carjiaCHOCT M PEIIUTU CUCTEM JMHEAPHUX jeqHaumHa &« + y —+ z = 2
T + y + z = 3
Pewewe. Rama y I'aycoBom cucremy enmmvunarnuje | jemmauwmny omysmemo u on II n ox Il nobujamo exkBuBasenTan
r + y + z =1
cucTeM 0 =1 |4 . Buno 360r II 6uno 360r IIl jemmavune oBaj cucTeM HeMa pemema. |

0 =2 Iy

Hanomena. Maxo cy cse merepmuuante A = A, = Ay = A, =0 cucreM HeMa pellema.

4. Y 3aBUCHOCTU Ol peaJIHOT IIapaMeTpa a OApeaUuTN (t)yH,HaMeHTaJ'IHI/I CHUCTEM pelewm.a 1 OImTe pememe CUucTeMa

3 — 2y + 52 + au = 0
6r — ay + 4z + 3u = 0
9r — 6y + 3z + 2u = 0.
Pewewe. OsBaj cucrem uma 3 jemnauuue u 4 menosuare (r,y,z,u) T€ Ce He MOKE DEIIABATYU NPEKO NETEPMUHAHTHU,

Hero Mopa [aycoBum cucremom enmumubanuje (uwnu nomohy Kejnu-XamuiaronoBe Teopeme, WTO je APYyravuju 3amuc
laycosor cucrtema eaumuHanuje)!

3r — 2y 4+ 5z 4+ au = 0
6r — ay + 42 + 3u = 0 m—-2-1
9 — 6y + 3z + 2u = 0 nr—-3-1I
3r — 2y + 5z + au = 0
4—a)y — 6z + (3—2a)u = 0
— 12z + (2—-3a)u = 0

Canma mmamo 2 cuayuaja y 3aBUCHOCTU O TOTa Ha Ju je uinaH 4 — a jemHak wnu pasiaumuut ox 0 (ako je jemHak onza
HAM ce KBape ”crenHure” ).

1° 3a a # 4 UpeTxoAHM CHUCTEM je Yy CTEIeHACTOM ODJMKY U TPOMEHJ/LUBE T, Y W 2z Cy Be3aHe, NOK je u ciaobomaHa
“ B0j OoIebyjeMo BpenHocT mapamerpa u = t, t € R. Bpahamem ynHazan mobumjamMo BPETHOCTH OCTAJIUX

TIPOMEH/BUBUX: 2 = 2;5’“ t,y= %t u 3"5622 t. llakmae mmamo ma je pememe
( ) 3a_22t1t2_3att y 3a—2212—3a1 L ER
T,Y, 2, U) = - =t- - .
7y7 ) 36 ) 2 ) 12 b 36 ) 27 12 ) )

Berrop X; = (3222 1 223a¢ 1) (e gasupa HIAMEHTAJHO PEIleHe CUCTEMA.
Rl y



2° Kama je a = 4 npeTxOomgHN CUCTEM CE€ CBOIU HA:

3r — 2y + bz 4+ 4u = 0
- 6z — bu = 0

- 122z — 10u = 0 nr—-2-1I
3r — 2y 4+ 5z + 4u = 0
— 6z — Su = 0
Jo——C
3 — 2y + 5z 4+ 4du = 0
— 62z — 5u = 0

OBo je cucrem y crTemeHacTOM OOJMKY, ¥ KOME Cy NPOMEHJbUBE T W z Be3aHe, a OCTaJe, y U u Cy caobonHe.
CnoBGoaHrM TPOMEH/BUBUMA JOJEIUMO BPETHOCTUA MapaMeTapa:

y=t, u=p, t,p € R.
. . 5 .
Hasme, z mobujamo u3 Il jenmauwnue: z = fgp. Kanma z, y u v yBpcrumo y I mobujamo x = 3 t+ 1—8p.
2 1 5 2 1 5
=|-t+—=pt, —= =t-|-,1,0,0 | —=,0,—=,1 t R.
(x7y7z7u) (3 + 18p) ) 6p’p> (37 ) ) )+p (187 ) 6? >7 7p€

Bexkropu X; = (%, 1,0,0) u Xo = (1—18,07 —%, 1) cy (pyHmDaMeHTAJIHA pellemha CUCTEMA.

O0jemuHnMO pemena Koja Cy no0ujeHa y CBAKOM O CIAydajeBa y jelaH KOHAYAH 3aKJbyJaK:

1° 3aa # 4 nva 1 pyHgamMeHTasHO pememe X1 = (3“3_622, %, 2;3“, 1) koje onpebyje ommre pememe (z,y, z,u) =t- X1,

teR.

2° 3a a = 4 uma aBa QyHZAMEHTAJHA pemema X1 = (%, 1,0,0) u Xo = (1—18,0, —%, 1) koja onpelyjy ommre peureme
(xvyaz7u) = tXl +p'X27 tvp eR.

Hamomena. Kana cy cBu cnobonnm unanoBu jemnaku 0, cucteMm ce HaszmBa romozew. Xomoren cucteM Y BEK mma
permena (3HaUM, UK je IMHCTEBEHO PEIIeH:€ WU BUIMIECTPYKO pemene) jep je (z,y, z,u) = (0,0,0,0) pememne XOMOTEHOT
cucrema. OBO pelleme ce HA3UBA MPUBUJAAHO PEULETE.

Pemema xoMorenor cucrema yrHe BEKTOPCKU IPOCTOP KOjU je pasamneT (yIaMEHTAJIHUM PEIIEHUMa.

5. Y 3aBUCHOCTH OJf pEAJIHUX IapaMerapa ¢ U b peluTu CUCTEM JUHEAPHUX jeIHAUMHA

2c — y + 3z = 2
r + 2y + z = -1
d + 3y + az = 0
r — 3y + bz = a—2.
Pewewe.  OBaj cucrtem uma 4 jenHauuHe U 3 HEIO3HATE I CE€ HE MOKE PENIABATHU IPEKO AETEPMUHAHTU, HETO MOPA

TaycoBum cucremom emuvunaiuje!

2 — y + 3z = 2 :
r + 2y + z = -1
dc + 3y + az = 0
r — 3y + bz = a—2
r + 2y + 2z = -1
2r - y + 3z = 2 m-2-1
dr 4+ 3y + az = 0 nr—-4-1
r — 3y + bz = a—2 IV-1
z + 2y + z = -1
- 2y + z = 4
— b5y + (a—4)z = 4 TII-1I
— b5y + (b—-1)z = a—-1 IV-1I



r + 2y + z = -1
- 5y + z = 4
(a—5)z = 0

b—-2)z = a—5

OBaj cucreM HaJuWKyje Ha CHCTEM y CTENEHACTOM OOJuKy (HaJqukyje jep OM y IOCHemHmO] jeIHAYUMHU MOPAJIU Ia
EIMMUHAIIEMO Z ), aJId HE MOYKEMO & HACTABMMO Iponec ['ayCcoBOr cucTeMa eNUMUHALK]E jep He 3HAMO 4 JIU jeé HEKU
on koepunujenara a — 5 nian b — 2 jemnak 0. Crora hemo mmatu cieneha 3 ciayuaja ma pazmarpamo:

1° a#5 2° a=5b#2 3° a=5b=2

(Taunnje, kama pemasaMo 3amaTak MM hemo nohwm mpso 1o cayuaja a #5 u a = 5, anu ce 0Baj APYTU OHIA LeJIU HA
2 noxcayuaja). PasMoTpuMo cama CBaKU O OBUX CJydajeBa MOHAOCOD.

1° Kana je a # 5 MO¥KeMO Ja HACTABUMO MPOIEC €JIUMUHAIMN]E TPOMEHILUBUX:

r + 2y + z = -1
- by + z = 4
(a—5)z = 0
b—2)z = a—5 w22 m

( N a—>5
r + 2y + z = -1
- by + z = 4
(a—5)z = 0

0 = a=5 I

Kako cmo nobunu jempaumny 0 = a — 5 # 0 TO cUCTEM y OBOM CJIy4Yajy HEMa pellema.

2° Kana je a =5 nmmamo na III jegmaumna nocraje 0 = 0 1 By MOXeMO HOTIYHO O0OprcCaTH:

r + 2y + z = -1
- Sy + z = 4
Jo——)|
b-2)z = 0
r + 2y + z = -1
- by + z = 4
b-2)z = 0.
Kaxko je b # 2, nobunm cMO CUCTEM y CTENEeHACTOM OOJIMKY, Y KOMe Cy CBe MPOMEHJ/bMBE 3aBUCHE, I1a OBAj CUCTEM
0
uma jenuacTBeHo pememe. W3 Il jemnaumne mobujamo na je z = i 0. Kana oso yBpctumo y II mobujamo
. 3
y=-z Korauno rkana z n y yBpcrumo y 1 nobujamo x = —.

3° Kana je a =5 u b=2 nvmamo na u III un IV jemgmaumna nocrajy 0 = 0 u ux moxemo m3bpucaru:

T + 2y + z = -1
— by + 2z = 4
==
[
r + 2y + 2z = -1
— by 4+ 2z = 4
Jlobunm cMO CHCTEM y CTENEeHACTOM OOJNUKY, y KOME Cy IPOMEHJ/LUBE T UM i Be3aHe, NOK je z CI000IHA U HOj
4 1
momesbyjemMo BpemHocT mapamerpa z = t, t € R. ame, y nobujamo u3 Il jenmauwne: y = ~ + 5t' Konauno
. 3 7
Kaza z u y yBpctumo y 1 mobujamo x = 5% t.

Jlemo je objemunuTu permema Koja cy mobUjeHa y CBAKOM Ol CIAyYajeBa y jemaH KOHAYAH 3aKJbYUaK:



1° 3a a # 5 cucreM HeMa peLIeHA.
o . 3 4
2° 3a a=>5ub#2, cucteM uMa jeIUHCTBEHO permeme (&,y, z) = R —5,0 .
3° 3aa=5u b= 2 cucreM nMMa BUIIECTPYKO PEIIEHE KOje 3aBUCU O jeIHOT mapaMeTpa

3 7 4 1
=(S—Zt,——+_-tt), teRr
(x7 y’ Z) (5 5 ) 5 + 5 ) ) ) e

|
6. Y 3aBUCHOCTU O PEAJHOT MapaMeTpPa ¢ PEUIUTU CUCTEM JUHEAPHUX jeTHAYUNHA
ar + y + =z =1
r + ay -+ zZ = a
T + y + az = a’.
Pewemne 1. 3amaTak MOKEMO pellaBaTu CTaHAapIHUM ['ayCOBMM CUCTEMOM EJIVMUWHAIM]E, WU HA CJIeNeYr HAUUH:

cabupameM cBe Tpu jemHaumHe nobuja ce ma je (a+2)(x +y+ 2) = a? +a+ 1, Te cTora 3a a # —2 umamo 1a je:

a24+a+1

ty+z=
X y z a+2

Kana To onysmeMo on npse jenuaunze nobuja ce

a2+a+171,a2

(a—Dx=1- = )
a+2 a+2

Ako je a # 1 moskemo 00e cTpaHe momenuTu ca a — 1 u Tako nobujamo pememe 3a . Cauyno ce mobujajy u y u z (y
OBOM CJIyYajy je jeMHCTBEHO pelleHe):

a+1l 1 (a+1)?
a+2 a+2 a+2 '

3aa#—2ua#l (x,y,z)z(

3a a = —2 uMaMO CUCTEM
-2z + y + z = 1
T - 2y + =z = -2
r + y — 2z = 4

7 Kaza meMmy cabepemo cBe Tpu jemHauwmsae nodbujamo 0 = 3 ma je crora CuCTeM HeCArJacCaH, Tj. HEMa PelIemha.
3a a =1 cucrem ce CBeO Ha jemHy jeTHAUUHY

r + y + z =1
U meHo pememe je (r,y,z) = (1 —t—p,t,p) t,p€R. [ |
Pewemwe 2. 3amarak hemo pemaBaTu KopuimrhemeM OeTEPMUHAHTH.
a 1 1
YKOIUKO JEeTepMUHAHTY CHCTeMa u3pauynamo CapyCcoBUM IpaBuiIoM mobujamo maje A= |1 a 1| =a®—3a+2. Amm
1 1 a

Taa uMaMo IpobieM ca haKTOPUCAHEM OBOI IOJMHOMA 3. CTeleHa (Mopaju OU 13 Teopuje HMOJIUHOMA Na KOPUCTUMO
TeopeMmy 0 panroHaJHUM HyJaMa HOIWHOMA ca meJo0pojHuM kroedpunujentuMa, Le3yoB cras, ma JeIUMO TOJTUHOME
7 ma (pakTopumeMo KBanpaTHu TpuHOM). Ila Bucmo msbernm cse To Mu hemo (arTopmcaTé HETEPMUHAHTY TOKOM
BEHOT pavyHaWka, Tj. KOpUCTUNEeMO OCOOUHE NeTepPMUHAHTU:

a 1 1 a 1 1 a 1 1 a 1 1 a+2 1 1
A=|1 a 1|1um-1 =|l-a a-1 0 [=(@—1)2]-1 1 0/=(a—12-]-1 1 0/=(a—1)%2-| 0 10
1 1 a|n-1 1-a 0 a—1 -1 0 1 -1 0 1 0 0 1
T+ IT-IT1
=(@—-1)2(a+2)-1-1=(a—1)2*a+2).
OpmaBne nobujamo ma umamo 3 pazauuuta caydaja 1° a#1,—-2,2° a=-2u 3° a=1.
Ha cnmuan HaymH MOKEMO M3PAUYHATH U OCTAJIE NETEPMUHAHTE:
1 1 1 a 1 1 a 1 1
Ay,=|a a 1]=—(a—1)*a+1), Ay,=[1 a 1|=(a—1) A,=11 a a|l=(a—1>3%*a+1)>~%
a> 1 a 1 a® a 1 1 a?



1° a #1,—-2. Karo je A # (0 cucreM mMa jeIMHCTBEHO pelleme, Koje nobujamo n3 KpamepoBux dopmyia:

x_ﬁ_—(a—l)z(ale)_ia—f-l A (e Z_ﬁ_(a—1)2(a+1)2_(a+1)2
A (a—-1)2(a+2)  a+?2’ Y7A S (a—1)2(@+2) a+?2 A (a—12@+2) a+?2
2° a =—-2. Kako je A=0u A, =9 # 0 cucreMm HEMA pemIeHAa.

3° a=1. Karxo je A=A, =A, =A, =0 cucrem ce cBOAU Ha jelHYy jeIHAYMHY Ca 3 HEmO3HaTe:
zr + y + z =1

v oHa uma pemewne (z,y,z) = (1—a—03,0,8) «o,p8€R.



