V1l nBouac Be:xOM
Mp Baamumup baarmuh

4. AHAINTUYIKA
reoMeTprja y IpoOCTOPY



1.

OnpenuTtu IpaBy r KOja CAOP:KU TAUKY
A(3,2,-5)
1 BEKTOPp OpaBIa JO] Je HOpMaJiaH Ha IIpaBe

r—2 y+3 z-1
3 -2 1

p:

r+2 y+3 z+1

-5 3 —3






Pewewe. p: 22 =Y =21 — ¢ = (3,-2,1)

o s

0, L, 0 L0, = 0 =0,xd,=/(311,13).




Pewemwe. —p: £22 = L2 = 21 = g, = (3,-2,1)

g FE = =2 = 4= (2,3,-3)

v, L Uy, U, LU, = ¥, =17, XU, =(3,11,13).
r—3 y—2 z+95

11 13

A(3,2,-5) = r:



2. canmuam ca 4.9.  Iare cy mpaBe

r+2 y—-5 z+4

P 4 1

r—2 y+5 z+3
T T T T T
a) OmgpenuTyt A Tako ma Ce p U ¢ CEKY.
0) 3a A\ U3 a) ogpeaUTH MepPy OUITPOr yIia
KOju rpaje IpasBe p U ¢, Ka0 U jeJHAUYUHY PaBHU
T KOJ]y oapebhy]y oBe mpase.



Pewewe 1. a) p: = =

r+2
1

. r—2 _ y+d _ z+3

q- =3 9 N




Pewemwe 1.

q: 52 =43
ﬁp = (1,—4,1
¥, = (2, -2,

a) p: =
_ 243

N
)7 P(_275a_4)7
)7 Q(27_57_3)




Pewewe 1. a) p: =2 =5Y2=2

N @1 @l R

_ y+5 _ 243

(1_—4 21)_P(A—é, 5, —4),
(2,-2,)), Q(2, —5,—3).

7é _—;l = P U @ HUCY LapaJiejiHe.

g
I

(\V)



Pewewe 1. a) p: &2 =U2 =2zt 4

. x—2 __ y+>5 __ 243
-2 =2 T X
vp = (1,-4,1), P(-2,5,—4),
v, = (2,-2,), Q(2,-5,-3).

% £ :—‘21 = p U ¢ HUCY IapaJeJiHe.

Hemapanemne npaBe p 1 ¢ ce CEKy aKKO

(=2) =2 5-(=9) (-4)—(=3)
1 —4 1 —6A+6=0
2 —2 A

= A= —1.






. rx—2 __ y+5 __ z4+3
1 1 1 >4 5 T T3 T —1-

= ¥, =(1,-4,1), 7, = (2, -2, 1)

@)
N—
i

8
e
[\
|
i
a
|
'\
+
N

T, 0, =(1,-4,1)-(2,-2,-1)=2+8—-1=09,

Gl = VIE+ (A2 + 12 =3V2, [5,] =3,



= ¥, = (1,-4,1), 7, = (2, -2, —1)

T, 0, =(1,-4,1)-(2,-2,-1)=2+8—-1=09,

5 = VI F (AR + 12 =3v3, |5, =3

1 T
— arccos — = —.

1
NER R V2 4




U, T, =9, |U,]=3V2, |, =3,

U, - Uy 1 1
_ 1Yp " Yq| _ _
COS (p = = (0 = arccos =

i
Tp - 1Tq] V2 V2 o4

PaBam 7 canp:xu p u q.

te LTy m ity L0y = i, = 10, x 0,



Pasan m canp:xu p u q.
e LG, u iy LTy = flp = 20, x 7,

1 < . 5
= 3(60+43) +6k) = (2,1,2).




PaBan m canp:xu p u q.
N. LU, mn, L v, éﬁﬁzéﬁpxﬁq

1; j ok 1 - - 4
Ae==11 —4 1|==(6i+3]+6k)=(21,2).
Sl —2 1| ¢

Pasan 7 canpsxwu tauky P(—2,5,—4) ca nmpase p
a:2-(z—(-2)+1-(y—5)+2-(2—(—4)) =0,

T]. 20 +y+22+7=0. ]



Pewewe 2. a) Habumo png=T.



Pewewe 2. a) Habumo pNg="T.

. x+2 __ Y=o _ z4+4 __
pr == =t =

xr=-—-2+t, y=5-—-4t, z=-4+41t,



Pewewe 2. a) Habumo pNg="T.

. x+2 __ Y=o _ z4+4 __
pr == =t =

xr=-—-2+t, y=5-—-4t, z=-4+41t,

r—2 y+5 2+3

=
2 9 N

q -

r=242s, y=-5—2s, z=-3+ As.



Pewewe 2. a) Habumo pNg="T.

r=242s, y=-5—2s, z=-3+ As.

1" mpunana u p u q:
r=—2+1=2+42s
y=95—4t = -5 —2s
z=—4+t=-34+As



r=—-24+1t=2+12s
y=95—4t = -5 —12s
z=—4+t=-34+As

N3l ull =t =2wns = —1, mro y Ill maje
—44+2==-3+X-(—-1), 1j. A= —1.



r=—-24+1t=2+12s
y=95—4t = -5 —12s
z=—4+t=-34+As

N3l ull =t =2wns = —1, mro y Ill maje
—44+2==-3+X-(—-1), 1j. A= —1.

6) —Il- A
Hamomena. OBako cMO 1moOMIM U IIPECEUHY

rauky 1'(0, —3, —2), DOK CMO IPBUM HAUUHOM CaMO
VTBDIUIIM & CE€ P U ¢ CERY.



3. cimuan ca 4.30. VzpauynaTtu pacrtojame
u3Mebhy npaBux

_ _ 20 +y—22—1=0
. x—3 _ y+l _ z=2 i
P 2 2 Mq'{Q:U—z—l——O '




Pewewe 1. W3 p: xT_?’ =yl — 222

2 2
7, =(1,2,2) u P(3,-1,2).




Pewewe 1. W3 p: wT_?’ = yTH = ”‘;2 =

7, =(1,2,2) u P(3,-1,2).

2c+y—22—1=0

o 1—0 no0mjaMo

Kanm pemumo q: {

g:x=35+3t, y=t, z=t (t€R)

na je U, = (3,1,1) m Q(3,0,0).



Pewewe 1. W3 p: wT_?’ — yTH = ”‘;2 =

7, =(1,2,2) u P(3,-1,2).

20 4+y—2z2—1=0

LA nodujamo

Ran pemumo q: {

g:x=35+3t, y=t, z=t (t€R)

na je U, = (3,1,1) m Q(3,0,0).

__ 1=
Uqg = 5VUp = p U ¢ IapaJiejHe.



P
p

v, = (1,2,2),P(3,—1,2) v, = (%,1,1),Q(3,0,0)

29



P
p

7, =(1,2,2),P(3,-1,2)

o
PQ =
o
v, X PQ = (—6,—3,6) = |
d —d __ [pxPQ)
(Q7p) (Q7p> |Up |



Pewewe 2.  Ucto: U, =(1,2,2) m P(3,—1,2).

g:rx=3+1t, y=t z=t (t€R)




Pewewe 2.  Ucto: U, =(1,2,2) m P(3,—1,2).

g:x=%3+1t, y=t z=t (t€R)

/(141 (15 _
P'(1+ it t,t) = PP = (3t - 5.t +1,t—2)



Pewewe 2.  Ucto: U, =(1,2,2) m P(3,—1,2).
g:r=%+3t y=t, z=t (t€R)

1 1 1 5
P'(:+ it,t,t) = PP = (3t — 2,t 4+ 1,t — 2)
— —
PP' 1 ¥, = PP -0,=4t—242t4+2+2t—4=0
t=1 = P'(1,1,1)



Pewewe 2.  Ucto: U, =(1,2,2) m P(3,—1,2).
g:x=35+3t, y=t z=t (t€R)

1, 1 DD 1 5
P(i+ittt)= PP =(3t—5t+1,t—2)
— —

PP 14, = PP - 0,=2t—24+2t4+2+4+2t—4=0
t=1 = P'(1,1,1)
—
d(p,q) = |PP'| =[(-2,2,-1)| = V9 = 3.




4, cianuaH ca 4.47.

VzpauynaTtu pacTojame udMehy mpaBux

xr+1 y z-1 r y+1 z-2
= — = " q:—:—: .

1 1 2 1 3 4

p:



y+1 _ 2—2

Pewemwe 1. p: & =

ﬁp:(lalvz)v 77q: (17374> = ﬁp#)"ﬁq =

y _ z=1 R
11— =2 249 7= 37 = 71

p U ¢ HUCY HapaJieJiHe.



.+l oy z—1 . o y+l _ z2—2
Pewe?bel. pT_T_Z’qT_T_ZL

27p=(1,1,2), 77q: (17374> = ﬁp%)"ﬁq =

P U ¢ HACY TapaJiejHe.
P(~1,0,1), Q(0,~1,2) = QP = (—1,1, —1)

-1 1 -1
1 1 2|=-2%#0
1 3 4

= D 1 q CE€ HE CEKY

— p U q Cy MUMOMJIA3HE.



i ]k
Ty x Uy =11 1 2|=(-2,-2,2)
1 3 4

(T, x ¥,) - PQ = (=2, -2,2) - (1, =1,1) = 2

_ [(Tx5)PQ| _ 1

Up X Vgl =2V3 = d(p,q) = [Ty X Ty | ﬁ =




.xx+1 z—1 . o y+l _ z2—2
Peweme 2.  p: == = 5> 41 T = 53— =

IIpoun3BospHA Tauka 1 ca p je mara ca

<

r=t—1, y=t, 2=2t+1 (t€R),

vj. T(t—1,¢,2t+ 1)



z—1 y+1 _ z2—2

Pewewe 2. p: L = 5, q: T = T3 = 5

1
IIpoun3BospHA Tauka 1 ca p je mara ca

<

r=t—1, y=t, z2=2t+1 (t€R),
Tj. T(t —1,t,2t + 1) u camuno S ca mpase q

S(s,3s — 1,45+ 2).

—>

TS=(s—t+1,3s—t—1,4s —2t+1).



.xx+1 z—1 . o y+l _ z2—2
Peweme 2.  p: == = 5> 41 T = 53— =

IIpoun3BospHA Tauka 1 ca p je mara ca

r=t—1, y=t, z=2t+1 (t€R),

<

Tj. T'(t — 1,t,2t + 1) m cauuno S ca mpase ¢
S(s,3s — 1,45 + 2).
_
TS=(s—t+1,3s—t—1,4s—2t+1).
—
d(p,q) = mind(7T,S) = min|TS]

= min./(s—t+1)2 4+ (3s —t — 1)2 + (4s — 2t + 1)2
— min\/26s2 — 24st + 4s + 612 — 4t + 3
— \/min(26s2 — 24st + 4s + 612 — 4t + 3).




2652 + (4 — 24t)s + (6t* — 4t + 3) uma KoeduIUIjeHTE

a=26>0 (b=4—24t, c=6t>—4t+3)



2652 + (4 — 24t)s + (6t* — 4t + 3) uma KoeduIUIjeHTE

a=26>0 (b=4—24t, c=6t>—4t+3)

b 4 —-24t 6t —1
— MUHUMYM 34 § = —— = — = :

2a D2 13

26(—6’51g1)2+(4—24t)-—6tlg1 +(6t2—4t+3)="¢2— 2844 31



2652 + (4 — 24t)s + (6t* — 4t + 3) uma KoeduIUIjeHTE
a=26>0 (b=4—24t, c=6t>—4t+3)
b 4—24t 6t—1

= MHHUMYM 34 § = —— = — =

2a 52 13
26(—6351)2+(4—24t)-—6§gl +(6t% —4t43)=L12— 28 ¢4 31

Munumym u3zpasa %tz — %t + ?—g ce OOCTUKE 3a

b _ 23
p—_ 2 __ 138 _1 :
— _Za_ 3 = 3 U OH Je
13

Konauno je d(p,q) = 1/5 =



Hammomena 1. Onpemunan cMo u Tauke 1 ca p u
S ca ¢ Koje cy HA MUHMMAJHOM OICTOjaLY:

= > TG
6-

s =01 — =1 = 5(1,2,6).

ONVy!
N




Pewewe 3. nlp,nlq = v, Ly, 9, L7,

Ty X Ty = = (—2,-2,2)

—_ =
W = S
=~ N &

L —1(-2,-2,2) = (1,1,-1).

l\3|l—\



p

PaBan m onpebena npaBama p u n:

fip L0y, fix L

= (—3,3,0)



f S q
— - O
; -/
//:/&,T” ---’J
P
— 1 = —

pem = P(-1,0,1) €
m:l-(z—(-1))—-1-(y—0)+0-(z—1) =0, 1j.

m:x—y+1=0.



f S q
— - O
: e
//:/&,T” ---’J
P
— 1 = —

pem = P(-1,0,1) €
m:l-(z—(-1))—-1-(y—0)+0-(z—1) =0, 1j.

m:x—y+1=0.

TNqg=295



f%::—% X U U.—lO)
peET (1()1)

1.(-4 1)) — (y—®+ﬂ-@—1%:QTj
m:x—y+1=0.

TNqg=2>S:
m:x—y+1=40

qg:x=s8, y=3s—1, z=4s+2 (s €R)



f%::—% X U U.—lO)
peET (1()1)

1.(-4 1)) — (y—®+ﬂ-@—1%:QTj
m:x—y+1=0.
TNg=>S:
m:x—y+1=0
g:x=s, y=3s—1, z=4s+2 (s € R)

r—y+1l=s—3s—1)+1=-25+2=0
= s=1= 5(1,2,6).



-
-
-
PR
Pl
-

7, =(1,1,2), P(—1,0,1), S(1,2,6).



-
O”
-




:’ S q
_— - ©
B
p :"---’-’ n

Hamomena 2. Hakon S(1,2,6) u v, = (1,1,—1),
MOIJIX CMO na OIPEIUMO ]JeTHAUMHY 3a]€THUYKE
HOpMAaJe N Ha IIpaBe P U ¢

x—1 y—2 z2-—6

1
4
Hame pNqg=1T(3,

d(p.q) = IST| = \/(3) + (3)* + (=3)* = 5.




5. ciauuyaH ca 4.31.

Onpenutu Tauyky B cuMeTpuyHy TaUKU
A(-1,0,-1)
Yy OOHOCY Ha paBaH

a:2x+y—z+7=0.

<
Syl ®)



Pewewe.  Onppenumo upojernujy M taure A za
paBaH .

Un — ﬁa — (27 ]-7 _1)7



Pewewe.  Onppenumo upojernujy M taure A za
paBaH .

Up =To = (2,1,-1), A(—1,0,—-1) =
n:rx=2t—1, y=1t, 2= —t — 1.

nya = 2(2t—1)+t—(—t—1)+7 =0, 1j. 6t+6 = 0,
t=—1= M(-3,—1,0).



Pewewe.  Onpenumo npojeximujy M taure A Ha
paBaH «.

Up =To = (2,1,-1), A(—1,0,—-1) =
n:rx=2t—1, y=1t, 2= —t — 1.
nya = 2(2t—1)+t—(—t—1)+7 =0, 1j. 6t+6 = 0,

t=—-1= M(-3,-1,0).
M cpenmumre ny:xu AB:

_ TA+ B YA T YB _ ZA T 2ZB
LM — y YM — y AM — 9
2 2 2
= Tp = 2Zpm — TA = —D, Yp = 2Yp — Ya = —2,

ZBZQZM—ZA:L Tj. B(—5,—2,1). H



6. cauuax ca 4.32.

Onpenutu Tauyky B cuMeTpuyHy TaUKHU
A(—-1,0,-1)
y OIHOCY Ha IIPaBy
x+1 y+1 2z2z—-4




Pewemwe. 1\7% p

Pasau m canp:xu A u m L p.
nr =, = (1,0,2),



--------------------------

Pewemwe. /[\nw p

Pasau m canp:xu A u m L p.
n. =1u, =(1,0,2), A(—1,0,—-1) =

m:x+2z+3=0.



--------------------------

Pewemwe. /[\”w p

Pasau m canp:xu A u m L p.
nr =1, =(1,0,2), A(—1,0,—1) =

m:x+2z2+3=0.

pNm=M = M(-3,1,0).
A, M = B(-5,2,1).




7. 2. ncut oxkrobap 2007.

IlaTe cy Tauke
A(0,2,-5), B(5,1,—4), C(1,3,—-3) u M(3,—-7,9).

OngpemuTu jemHauyuHy PaBHU KOjO] IpHUIAIA]y
rauke A, B u C' u onpenutu npojernujy P Ttauke
M nwa TYy paBaH.



Pewewe.  A(0,2,-5), B(5,1,—4), C(1,3,-3):

x—0 y—2
T™: 15—0 1-—2
1—-0 3-—-2

T]. m:x + 3y — 22— 16 = 0.

z+95
—4+5
—3+95

—32—9y+62+48 = 0,



Pewewe.  A(0,2,-5), B(5,1,—4), C(1,3,-3):
rxr—0 y—2 2z+5
m: |0—0 1—-2 —445|=-32x—9y+62+48 =0,
1-0 3—2 —-3+45
T]. m:x + 3y — 22— 16 = 0.

Hopmana ma paBam w u3 tauke M je mpasa n.
M(3,-7,9), v, =1, =(1,3,-2) =

r—3 y+7 z-9
1 3 -2

n .



Pewewe.  A(0,2,-5), B(5,1,—4), C(1,3,-3):

rxr—0 y—2 2z+5
m: |0—0 1—-2 —445|=-3x—9y+62+48 =0,
1-0 3—2 —-3+45
T]. m:x + 3y — 22— 16 = 0.

Hopmana ma paBam w u3 tauke M je mpasa n.
M(3,-7,9), v, =1, =(1,3,-2) =

r—3 y+7 z-9
1 3 -2

n .

(= 1)

. z2=1t+3, y=3t—7, 2= —-2t+9,



Pewewe.  A(0,2,-5), B(5,1,—4), C(1,3,-3):
rxr—0 y—2 2z+5
m: |0—0 1—-2 —445|=-3x—9y+62+48 =0,
1-0 3—2 —-3+45
T]. m: x+ 3y — 22 — 16 = 0.

Hopmana ma paBam w u3 tauke M je mpasa n.
M(3,-7,9), v, =1, =(1,3,-2) =
x—3 y+7 z-—9

- 3 3 &1

T]. x =t+3, y=3t—7, 2z = —2t+9, mro y 7 nmaje:

T (t+3)+33t—7)—2(=2t+9) =16

__ 26 . 47 29 11
?t—7,TJ.P(7,7,7). []

n .




8. cauuaH ca 4.36.

O npenutu je THaYnHY paBHU o) KOja
caap:KU TAYKY

A(2,-3,1)
1 IIapaJiejiHa Je mpaBaMa

cr+l _ oy+2 21 =7 _ y+4 _ z—1
Pr 35— ="3m3 =5 1 (.5 = "H = 5 -




Pewewe. a|p, al|lq = Mo L Yy, e L Yy

o = —30, X Ug = (1,1,0),



Pewewe. a|p, al|lq = Mo L Yy, e L Yy

o = —30, X Ug = (1,1,0), A(2,-3,1) =
a: 1-(x—=2)+1-(y—(-3))+0-(2—1) =0,

T]. a:x+y+1=0. ]



9. ciauuan ca 4.47.

OnpenuTu jeHAYMHY IPaBe KOja caap:KuU

A(2,-3,1)
I cede IpaBe
e+l oy+2 . z—1 . x—7 _ y+4
P =3~ = "3 = 73 n 4 —5 = "5 =




Pewewe 1.  IlpaBa a xpo3 A(2,—3,1) je

r—2 y+3 z-1
v v w

a.



Pewewe 1.  IlpaBa a xpo3 A(2,—3,1) je

r—2 y+3 z-1
v v w

a.

P U a4 CE CEKY

3 —3 2 | =2u+6v+6w =0.




Pewewe 1.  IlpaBa a xpo3 A(2,—3,1) je

r—2 y+3 z-—1
v v w

a.

P U a4 CE CEKY

3 —3 2 | =2u+6v+6w =0.

g 1 a Ce CEKY

7T—2 (—=4)—(-3) 1-1
2 —2 2 | = —2u—10v— 8w = 0.
U v w




JloOuam ¢cMO XOMOI€HU CUCTEM

2u + 6v + 6w = 0
—2u — 10v — 8w = 0
Jemno pememe w = —2, v =1, u = 3, T]. TpaykeHa

r—2 y+3 z-—1
3 1 =2

IIpaBa Je a: ]



Pewewe 2. p lJfq jep je Uy # XU,



Pewewe 2. p lJfq jep je Uy # XU,

P U ¢ ce HE CEKY:

3 -3 2 | =120




PaBan m canp:xu npase p u a, Tj. p u A(2,3,1).



Pasan 7w camp:ku mpase p u a, Tj. p u A(2,3,1).
P(—1,—-2,1) u3 KaHOHCKOI OOJUKa mpaBe p:

N A
i.=0,x PA=1|3 —3 2|=(2,6,6).
~1

S N FY

Lo W

m:2-(x—2)4+6-(y—(=3)+6-(2—1)=0,



— —
. .

(| l;
—
N, =1, x PA=13 -3 2|=(2,6,6).
3 —1 0

m:2-(x—2)+6-(y—(-3))+6-(2—1)=0,
T]. w: 20 + 6y + 624+ 8 = 0.



m:2-(x—2)+6-(y—(=3))+6-(2—1)=0,

T]. w: 20+ 6y + 62+ 8 = 0.

Lx—7 _ y+4 _ z—1
9: 5 = "3 = T3 >

qg:r=28+7,y=—2s—4, 2s+ 1.



m:2-(x—2)+6-(y—(=3))+6-(2—1)=0,

T]. w: 20+ 6y + 62+ 8 = 0.

.e—7 _ y+4 _ z—1
4 5~ = 5 = T3 >

qg:r=28+7,y=—2s—4, 2s+ 1.
TNg=>S:

2-(2s4+7)4+6(—25s—4)+6(2s+1)+8=0

= 4s+4=0=s=-1= 5(5,-2,-1).



m:2-(x—2)+6-(y—(=3))+6-(2—1)=0,

T]. w: 20 + 6y + 624+ 8 = 0.

Lx=T7 _ y+4 z—1

q9: = 2 — 2 >

qg:r=28+7,y=—2s—4, 2s+ 1.
TNg=>S:

2-(2s+7)+6(—2s—4)+6(2s+1)+8=0
= 4s+4=0=s=-1= 5(5,-2,-1).

sAS = (3,1,-2)

A(2,3,1) = a: 52 = 85 = =1

IIpaBa a kxpo3 Au S = v, =




10. larTa je paBaH a: r +y — 2+ 1 = 0 u opasa

r—1 vy z+1 O e
; = = = : UTU
p 0 5 1 Apen

a) MpecevHy TadKy MpaBe p U PaABHU

0) mepy yrua usmeby mpase p u paBHU (.

n/p
P




Pewewe 1. a) p: &2 =4 =2t =

p:rrx=1y=2t, z=1¢t—1



=1
Pewewe 1. a) p: 5= =

y
2
prrx=1y=2, z=t—1ya:z+y—2z+1

1+2t—(t—1)+1=0,

Tj. t = -3 = A(1,—6,—4).



6) Onpemumo npojernujy P’ rauke P (P # A) ca

p Ha paBaH Q. n /9
P




6) Onpemumo npojernujy P’ rauke P (P # A) ca

p Ha paBaH Q. n /p
P




6) Onpemumo npojernujy P’ rauke P (P # A) ca
p Ha paBaH (.

P(1,0,-1)
nla=4v,=1n0,=(1,1,-1) =
r—1 'y z+1

n. —

1 1 -1

T].n: t=s+1, y=35, 2 = —s5— 1.

a:(s+1)+s—(—s—1)+1=0=s=—1, Tj.
P'(0,-1,0).



A(1,-6,—4), P(1,0,—1), P'(0,—1,0). I3 AAP'P
|P’A| [(—1,5,4)| \/_ 14
PA|  1(0,6,3)] 15

14
15

COS (p =

(p = arccos



Hamomena. [la ce Tpaskuiaa npojeknuja a IpaBe
p Ha paBaH «, OAPEINJIM OU je Kao IpaBy KpPO3
tauke A u P’.



Pewewe 2. a) —||—

0) Y
) ¥rao ¢ uamebhy mpaBse p U paBHU

Wp'ﬁa|

sin p =
p] - 7|



Pewewe 2. a) —||—

0) Yrao ¢ uzmely mpaBe p u paBHU

Wp'ﬁa|

SIn © = .
ST AREN

7, =(0,2,1), fta = (1,1,-1) =

. 1] 1
Sin @ = —

NV RYh

T]. = arcsin \/%_5
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