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2.3. Marpune

Teopujckm yBoI



JNEOVMHUNIINJA:

Cyomampuua marpurie A ce godbuja Taxo mTO
y A onmbamumo HeKe BPCTe U/Uiu KOJIOHE.



HEPVMHUIINJIE:

Cyomampuua marpurie A ce godbuja Taxo mTO
y A onmbamumo HeKe BPCTe U/Uiu KOJIOHE.

Panz marpune A, r(A), je pen mene mHajsehe
peryJjiapHe KBaJapaTHe CyOMaTpuile.



HEPVMHUIINJIE:

Cyomampuua marpurie A ce godbuja Taxo mTO
y A onmbamumo HeKe BPCTe U/Uiu KOJIOHE.

Panz marpune A, r(A), je pen mene mHajsehe
peryJjiapHe KBaJapaTHe CyOMaTpuile.

Panr mymna—maTpuile

0O 0 ... O

0O 0 ... O

je jemHak 0.
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MEH-a]y PaHr U OHE CY:
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KEnemenTapHe TpaHCc@oOpMaluje MaTpUlle He
MEH-a]y PaHr U OHE CY:

1° 3amena mMecTta 2 BpcTe (KOJOHE),
2° MHO:Keme BpcTe (Kosome) Opojem k # 0,

3° momaBame BpcTe (KOJIOHE), MOMHOKEHE HEKUM
O6pojeM, Tpyroj BpcTu (KOJOHM).
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Bekropu U1,v9,...,0, € R" cy auneapro
3a8uCcHU aKo moctoje ki, ko, ...k, € R TakBu na

k1171+]€2?72—|—...+]€m17m:6

u (k1 ks, ... Ekm) # (0,0,...,0).

Y IIPOTUBHOM CyY BEKTOPU AUHEAPHO HE3ABUCHU.



Teopema 1. Panr marpure A, r(A), je majsehn
Opoj IMHEApPHO HE3ABUCHUX BPCTA (KOJOHA).



Teopema 1. Panr marpure A, r(A), je majsehn
Opoj IMHEApPHO HE3ABUCHUX BPCTA (KOJOHA).

Paur r(A) je ©Opoj Bpcra wmarpune A y
CTeneHaCTOM 00JIUKY KOje HEMA]Y cBe
eaemenTe 0.



3ananm

1.

Arxo cy A, B, X u B — 1 perynapHe maTpulle,
OApEeInuTU MATpUulny X U3 MaTPUUYHE jeTHAUYUHE

AX'B-B=AX""1
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AX'B-AX'=8B
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Pewewe 1. AX'B—-—B=AX""
AX'B-AX'=B

AX Y B-1)=18B /AL

AT'AX Y (B-1)=A"'B o

X YB-1)=A4"'B /X

XX YB-1)=XA"'B o
(B—1I)=XA"'B / -B~1
(B-1)B'=XA"'BB™! o
(B-I)B'=XxA"" /A
(B—I)B'A=XA"1A o



Pewewe 1. AX'B—-—B=AX""
AX'B-AX'=B
AX"'(B-I)=B | A"
AT'AX Y (B-1)=A"'B o
X YB-1)=A4"'B / X
XX YB-1)=XA"'B o
(B—1I)=XA"'B / -B~1
(B-1)B'=XA"'BB™! -
(B-I)B'=XxA" /A
(B-—1)B'A=XA1'A o
(B-1)B'A=X



Pewewe 1. AX'B—-—B=AX""
AX'B-AX'=B
AX Y (B-1)=18B /AL
AT'AX Y (B-1)=A"'B o
X YB-1)=A4"'B / X
XX YB-1)=XA"'B o
(B—1I)=XA"'B / -B~1
(B-1)B'=XA"'BB™! o
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Pewewe 1. AX'B—-—B=AX""
AX'B-AX'=B
AX Y (B-1)=18B /AL
AT'AX Y (B-1)=A"'B o
XY B-1)=A'B /X
XX YB-1)=XA"'B o
(B—1)=XA"'B / -B~1
(B-1)B'=XA"'BB™! o
(B-I)B'=XxA" /A
(B-—1)B'A=XA1'A o
X =(B-1)B'A.
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Pewemwe 2. Ns X 'Y(B-1)=A"'B:

X t=A"'BB-1)""
1 OHIA ]e
X=XH't=A"'BB-1)"H
na u3 GpopMmye (M-N)y"t=N"1. M1

no0umjaMo
X =(B-1)B'A.




Hexka je
([a 0
A=<10 ¢
L [b O

a

ta,b,c € Q,c#0,al # [0

a - Je OIl. MHOKEeHa MaTpuIla.

Ucnuratu na au je (A,-) Abemosa rpyma.
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O L
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3aTBOPEHOCT:

A(a,b,c)- A(m,n,p)

Osumaunmo A(a,b, c) =

ST O Q

<L
S
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an + bm

SO Q

0

cp
0

m
0
n

oS o O
L O o

n
0
m

o O

an + bm

0
am -+ bn_

A(am + bn,an + bm, cp)

a,b,c,m,n,p € Q = am+ bn,an+ bm, cp € Q.
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a 0 b
Pewewe.  Ozmaummo A(a,b,c)= |0 ¢ O

b 0 af
3aTBOPEHOCT:

A(a,b,c)- A(m,n,p) = A(am + bn, an + bm, cp)

a,b,c,cm,n,peQ = am+bn,an+bm,cp € Q
c#0,p#0=cp#0

[Toraskmmo jorn ma je |am + bn| # |an + bm).
IIo. cympoTtHO:
am + bn = an + bm uau am + bn = —an — bm.

am +bn —an —bm =0



a 0 b
Pewewe.  Ozmaummo A(a,b,c)= |0 ¢ O

b 0 af
3aTBOPEHOCT:

A(a,b,c)- A(m,n,p) = A(am + bn, an + bm, cp)

a,b,c,cm,n,peQ = am+bn,an+bm,cp € Q
c#0,p#0=cp#0

[Toraskmmo jorn ma je |am + bn| # |an + bm).
IIo. cympoTtHO:

am + bn = an + bm uau am + bn = —an — bm.
(a—b)(m—n)=0 umu (a+b)(m+n)=0



a 0 b
Pewewe.  Ozmaummo A(a,b,c)= |0 ¢ O

b 0 af
3aTBOPEHOCT:

A(a,b,c)- A(m,n,p) = A(am + bn, an + bm, cp)

a,b,c,cm,n,peQ = am+bn,an+bm,cp € Q
c#0,p#0=cp#0

[Toraskmmo jorn ma je |am + bn| # |an + bm).
IIo. cympoTtHO:

am + bn = an + bm uau am + bn = —an — bm.
(a—b)(m—n)=0 umu (a+b)(m+n)=0

a=bwumm m=n l@ a=—bumm=—n |¢
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b 0 af
3aTBOPEHOCT:

A(a,b,c)- A(m,n,p)=A(am + bn,an + bm, cp) € A

v



a 0 b
Pewewe.  Ozmaummo A(a,b,c)= |0 ¢ O

b 0 af
3aTBOPEHOCT:

A(a,b,c)- A(m,n,p)=A(am + bn,an + bm, cp) € A

v

A comujaTuBHOCT:
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a 0 b
Pewewe.  Osmaummo A(a,b,c)= |0 ¢ 0f.

b 0 af
3aTBOPEHOCT:

A(a,b,c)- A(m,n,p) = A(am + bn,an + bm, cp). v

A comujaTuBHOCT:

Muo:keme MaTpuIa je acorn. y ckyny M cBux Ma-
Tpuna 3 X 3 ma je u y crkyny A C M. v

HeyTpanauu enement:
1 0 O

I= 0
1_

0 1
0 0



a 0 b
Pewewe.  Osmaummo A(a,b,c)= |0 ¢ 0f.

b 0 af
3aTBOPEHOCT:

A(a,b,c)- A(m,n,p) = A(am + bn,an + bm, cp). v

A comujaTuBHOCT:
Muo:keme MaTpuIa je acorn. y ckyny M cBux Ma-
Tpuna 3 X 3 ma je u y crkyny A C M. v
HeyTpanauu enement:
I 0 O
I=10 1 0| =A(101) € A ve
0 0 1]
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VlaBep3HU eneMeHT:

je uasepsua marp. A~ marpune A = A(a,b,c):

A7l = A(0 L) € A. v

a2 b2’a,2 b2’c

Hamomena. NuaB. exeMeHT ¢MO MOTJIM OTOOUTU:

A- A1 =T A(a,b,c)- A(m,n,p) = A(1,0,1), T
A(am + bn,an 4+ bm,cp) = A(1,0,1).

am+bn =1
PemaBameMm cucrema an-+bm =0 pobujamo
cp =1
_ a . —=b _ 1
0=, b= c= ¢



VlaBep3HU eneMeHT:

je uasepsua marp. A~ marpune A = A(a,b,c):

A7l = A(0 L) € A. v

a2 b2’a,2 b2’c

KomyTaTuBHOCT:

V3 xomyratuBaoctu + u - y Q caemnm

A(a,b,c) - A(m,n,p) = A(am 4+ bn,an + bm, cp)



VlaBep3HU eneMeHT:

je uasepsua marp. A~ marpune A = A(a,b,c):

A7l = A(0 L) € A. v

a2 b2’a,2 b2’c

KomyTaTuBHOCT:

V3 xomyratuBaoctu + u - y Q caemnm

A(a,b,c) - A(m,n,p) = A(am 4+ bn,an + bm, cp)
= A(ma 4+ nb, mb + na, pc)



VlaBep3HU eneMeHT:

je uasepsua marp. A~ marpune A = A(a,b,c):

A7l = A(0 L) € A. v

a2 b2’a,2 b2’c

KomyTaTuBHOCT:

V3 xomyratuBaoctu + u - y Q caemnm

A(a,b,c) - A(m,n,p) = A(am 4+ bn,an + bm, cp)
= A(ma 4+ nb, mb + na, pc)
= A(m,n,p) - A(a,b,c). v



VlaBep3HU eneMeHT:

je uasepsua marp. A~ marpune A = A(a,b,c):

AL = A(po Ly e A v

T2 go— b2’ c
KomyTaTuBHOCT:

V3 xomyratuBaoctu + u - y Q caemnm

A(a,b,c) - A(m,n,p) = A(am 4+ bn,an + bm, cp)
= A(ma 4+ nb, mb + na, pc)
A(m,n,p) - A(a,b,c). v

SARJbYYAR:
(A, -) jectre Abenosa rpyma. O
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OnpeguTu paur MaTpUIle

2 1 —a
A=11 3 -1
_3 —a —1_

y 3aBHCHOCTH OJ PEaJJHOT IIapamMeTpa a.



Pewemwe.

Al

2
1
3

1
3

—Qa

—a
—1
—1

—a*+7a—8=(a—1)(a+38).



Pewemwe.

2 1
Al=1 3

3 —a
1° 3a a #1,—8

—a
—1
—1

—a*+7a—8=(a—1)(a+38).

Al #0 = A perynapua = r(A) = 3.



Pewemwe.

2 1 —a

Al=1]1 3 —1l=a*+Ta—8=(a—1)(a+38).
3 —a -1

1° 3a a #1,—8

Al #0 = A perynapua = r(A) = 3.

2° 3a a=1 NI 3° 3a a = —8

Al =0 = A cunrynapua=r(A)#3 = r(4) < 3.



Pewemwe.

2 1 —a

Al=1]1 3 —1l=a*+Ta—8=(a—1)(a+38).
3 —a -1

1° 3a a#1,—8

Al #0 = A perynapua = r(A) = 3.
2° Baa=1 I 3° 3a a = —8
Al =0 = A cunrynapua=r(A)#3 = r(4) < 3.
'2 1

) 3':6—1:57&0 = r(A) = 2.
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3
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ma je r(A) = 2.

2 1 3
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SAKJbYUAK:

2 3aa=1uma= —8.

r(A):{3 3a a # 1,—8
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OnpeguTu paur MaTpUIle

1 a 2 1
A=11 2a-1 3 1
1 3a—2 b+1 b—2

Yy 3aBHMCHOCTM OJ peaJHHuX IapamMerapa a u b.
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Pewemwe.

1 a 2 1
A=11 2a-—-1 3 1 IH-1 ~
1 3¢a—2 b+1 b—2) III-—-1

1 a 2 1
0O a-—1 1 0 ~
0 20a—2 b—1 b—-—3) III—2-11I
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1 a 2 1
A=11 2a-—-1 3 1 IH-1 ~
1 3¢a—2 b+1 b—2) III-—-1

1 a 2 1
0O a-—1 1 0 ~
0 20a—2 b—1 b—3 I — 2 - 11

1 a 2 1

0 a—1 1 0

0 0 b—3 b—3
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1 a 2 1
A=1|1 2a-—-1 3 1 -1 ~
1 3a—2 b4+1 b—2) III—-1

1 a 2 1
0O a-—1 1 0 ~
0 20a—2 b—1 b—3/) III—2-11I
1 a 2 1
a— 1 1 0

0 0 b—3| b—3

1° Ako jea# 1 ub+#3 ounna jer(A)=3.



2° 3a b = 3:

— O O

AN — O

S | O

— O O



2° 3a b = 3:

ma je r(A) = 2.

o O =

S|

S |

S =N

o O =



3° 3aa=1mub=+#3:
1 1 2 1
A~10 0 1 0
0 0 b—3 b—-3) I+



3° 3aa=1mub=+#3:



3° 3aa=1mub=+#3:

na je r(A) = 3.



SAKJbYUAK:




4. CucreMu JIMHEapHUX
jemHauyMHA

Teopujcku yBoI



Pemutn cucrem = mahwm ommnre pememe,
Tj. onpenutu CBA pemema cucreMma.



I'aycoB cucreMm eamMmMHAaII]E

Ilo3zBomene cy 3 BpcTe TpaHChOpMAIH]ja
jeIHaUYMHAa CUCTEMA:



I'aycoB cucreMm eamMmMHAaII]E

Ilo3zBomene cy 3 BpcTe TpaHChOpMAIH]ja
jeIHaUYMHAa CUCTEMA:

1° 3amMeHa MecTa IOBE j€THAYUHE;



I'aycoB cucreMm eamMmMHAaII]E

Ilo3zBomene cy 3 BpcTe TpaHChOpMAIH]ja
jeIHaUYMHAa CUCTEMA:

1° 3amMeHa MecTa IOBE j€THAYUHE;

2°  MHOKeme jemnauune opojem k # 0;



I'aycoB cucreMm eamMmMHAaII]E

Ilo3zBomene cy 3 BpcTe TpaHChOpMAIH]ja
jeIHaUYMHAa CUCTEMA:

1° 3amMeHa MecTa IOBE j€THAYUHE;

2°  MHOKeme jemnauune opojem k # 0;

3° momaBame jemTHAUYMHE IIOMHO;KEHE ca k HEKO]
AOpYyTroO] JeTHAUYNHU.



I'aycoB cucreMm eamMmMHAaII]E

Ilo3zBomene cy 3 BpcTe TpaHChOpMAIH]ja
jeIHaUYMHAa CUCTEMA:

1° 3amMeHa MecTa IOBE j€THAYUHE;
2°  MHOKeme jemnauune opojem k # 0;

3°  pmomaBame jemTHAaUYMHE IOMHOKEHE ca k HEKO]
AOpYyTroO] JeTHAUYNHU.

VimaMmo 2 kapakTepuCcTUUHaA cJaydaja:



VimaMmo 2 kapakTepuCcTUUHaA cJaydaja:

0=0bM

rme je b#0 — Tama KaKeMO IOa CHCTEM HUJE
caznacam, Tj. Oa Hema PeuLemwa;



VimaMmo 2 kapakTepuCcTUUHaA cJaydaja:

0=0bM

rme je b#0 — Tama KaKeMO IOa CHCTEM HUJE
caznacam, Tj. Oa Hema PeuLemwa;

0=

OBy jemHauuHy u30puimeMo U HACTaBUMO Ca
pemraBameM cucrema



OBuM TpaHCPOpMaAIMjaMa TOJA3HU CUCTEM
CBOOUMO HA CHUCTEM Y CMENEHACTMOM 00AUKY:




OBuM TpaHCPOpMaAIMjaMa TOJA3HU CUCTEM
CBOOUMO HA CHUCTEM Y CMENEHACTMOM 00AUKY:

AKO CMO cmCTeM CBeJU Ha CUCTEM Yy CTEIeHAC-
TOM OOJIMKY TaJaa je OH Ca2AaCaH, Tj. UMa PelleHa
(jemmo wau BuIIE).



AKO CMO cmCTeM CBeJU Ha CUCTEM Yy CTEIeHaC-

TOM OOJIMKY TaJa je OH Ca2AaCaH, Tj. UMa PelleHa
(jemmo miu Bute).

[IpoMenmUBE KOje Cy Ha IOYETKY jeTHAUYUHA CY
ges3ane a OCTajie Cy ca0b000He TPOMEHLUBE

(BUMa HOme/hbyjeMO BPEeIHOCTHU IapaMeTrapa).



CremeHacT CUCTEM Ca N IPOMEHJ/LUBUX:

r B€3aHUX U N — T CJI0ODONHUX.



CremeHacT CUCTEM Ca N IPOMEHJ/LUBUX:

r B€3aHUX U N — T CJI0ODONHUX.

® ' = N CUCTEM UMa JeOUHCMBEHO PeUeme.



CremeHacT CUCTEM Ca N IPOMEHJ/LUBUX:

r B€3aHUX U N — T CJI0ODONHUX.

® ' = N CUCTEM UMa JeOUHCMBEHO PeUeme.

e 1 < N CUCTEM UMa BUUWECMPYKO PeuLene
(wnm beckoHauHO MHO20 peuLena)

KOjJe 3aBHCU O . — T IIapaMeTapa.



3ananm

6. Pemmutu cucrem

x + y — z = —4
20 + vy = 0
r — Yy + z = 6

1) MaTPUYHOM METOIOM;

2) N'aycoBuM CHCTEMOM E€IUMUHAIIA]E;



Pewemwe 1. MATPUNYHA METOIIA

1 1 -1
Marpuna cucrema A= |2 1 0
1 -1 1

(3a my cmo ompemunu A~ ma II gBouacy).



Pewemwe 1. MATPUNYHA METOIIA

1 1 -1
Marpuna cucrema A= |2 1 0
1 -1 1]
(3a my cmo ompemunu A~ ma II gBouacy).
-
Marpuna menosnatux X = |y | .

Z



Pewemwe 1. MATPUNYHA METOIIA

1 1 -1
Marpuna cucrema A= |2 1 0
1 -1 1
(3a my cmo ompemunu A~ ma II gBouacy).
-
Marpuna menosnatux X = |y | .
_Z_
o
Matpurna caoboguux umnanoBa B = | 0
6




Matrpuuna jemnaumua A- X = B




Matrpuuna jemnaumua A- X = B

I 1 -1

2 1 0

1 -1 1]
e dy—2
2r + vy
Tyt

IIITO ]J€ Halll CUCTEM.




Pememe A- X = B je

X= |yl = 4! B




Pememe A- X = B je

-
X=|y|l = A '.B
_Z_
1 0
1
= —|-2 2
2




Pememe A- X = B je

xr
X= |yl = 4! B
_Z_
1'1 0 1] [—4] 1]
= — =2 2 =2|-|0]|=]|-2],
21-3 2 -1| 6| |3

T]. pemiewme cucremMa jexr =1, y=-2, 2=3. &



Pewemwe 2. I'’AYCOB CUCTEM EJIUMHUH.

—4
0 II—-2-1
6 III—-1

S

DO
=
|+ +
e

— Z

+ =z

S



Pewemwe 2. I'’AYCOB CUCTEM EJIUMHUH.

r + y — 2z = —4
20+ vy = 0 II—-2-1
r — Yy + z = 6 III—1
rx + y - z = -4
-y + 2z = 8
— 2y 4+ 2z = 10 III—-2-1I



Pewemwe 2. I'’AYCOB CUCTEM EJIUMHUH.

r + y — 2z = —4

2 + vy = 0 II—-—2-1
r — Yy + z = 6 III—1
x + y - z = —4

— Yy + 2z = 8

— 2y + 2z = 10 1II—-2-.1I
r + y — 2z = -4

-y + 2z = 8

DO
X
|

—6



Pewemwe 2. I'’AYCOB CUCTEM EJIUMHUH.

x + y — z = -4
20+ vy 0 II—-2-1
r — Yy + z = 6 III—1
r + Yy — z = —4
— Yy + 2z = 8
— 2y 4+ 2z = 10 III—-2-1I
rx + yv — z = —4
— Yy 4+ 2z = 8
— 2z = -6

T, 1Y W z Cy Be3aHe = CUC. UMa Je IMHCTBEHO PEI.



W3 111:

!

|

|
S

DO
X
|
|
=



r + y - z = -4
-y + 2z 8
— 2z = -6
Vs 11I: ‘
— =3
T
To y 1I:

—y+2:-3=8 = y=-2.



r + vy — =z = —4
-y + 2z 8
— 2z = -6
M3 I1I: .
— - _3
T
To y 1I:

—y+2-3=8 = y=-—2.
y u z yoamumo y I:

r+(—-2)—-3=—-4 = x=1.



W3 111:

To y 1I:
—y+2-3=8 = y=-2.
y u z yoamumo y I:
r+(-2)—-3=—-4 = x=1.

SARKJbYYAKR:
(x,y,2) = (1,—-2,3).




RPAJ UACA



