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2. Linearna algebra



2.1. Determinante
Teorijski uvod
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Determinanta matrice A, u oznaci
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DEFINICIJA:

Determinanta matrice A, u oznaci

det(A), |A| ili det A,

je suma po svim permutacijama σ iz skupa Sn:

|A| =
∑

σ∈Sn

(sgnσ) a1 σ(1) · a2 σ(2) · . . . · an σ(n).
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Za det. 3 × 3 koristimo Sarusovo pravilo:

D =
a11 a12 a13 a11 a12

a21 a22 a23 a21 a22

a31 a32 a33 a31 a32

− − −

D =
a11a22a33 + a12a23a31 + a13a21a32

−a13a22a31 − a11a23a32 − a12a21a33.



Determinante 4 × 4, 5 × 5,...

MORAJU
se raqunati

Laplasovim razvojem
ili

svo�eƬem na determinantu trougaone matrice.



OSNOVNE OSOBINE

1◦ Neka je AT transponovana matrica
matrice A. Tada je

|AT| = |A|.



Transponovana matrica se dobija tako xto
vrste matrice A postanu kolone matrice AT i
obrnuto.
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2◦ Ako A ima vrstu (kolonu) sa svim
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9◦ Minor Mij elementa aij se dobija od A
izbacivaƬem i–te vrste i j–te kolone.

Kofaktor elementa aij kvadratne matrice A je

Aij = (−1)i+j |Mij |.

Laplasov razvoj po el. i–te vrste

|A| =
n

∑

j=1

aijAij = ai1Ai1 + ai2Ai2 + . . . + ainAin.

Laplasov razvoj po el. j–te kolone

|A| =
n

∑

i=1

aijAij = a1jA1j + a2jA2j + . . . + anjAnj.



Znake (−1)i+j moжemo pamtiti kao

+ − +

− + −
+ − +

odnosno

+ − + −

− + − +
+ − + −
− + − +



Zadaci

1. 2.21.

Izraqunati determinantu
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∣

∣

∣

1 1 a
1 1 a2

a2 a 1
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∣

∣

,

pri qemu je a3 = 1 i a 6= 1.
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D =
1 1 a 1 1
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a2 a 1 a2 a
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1 · 1 · 1 + 1 · a2 · a2 + a · 1 · a − a · 1 · a2 − 1 · a2 · a − 1 · 1 · 1 =

1 + a4 + a2 − a3 − a3 − 1 = a4 − 2a3 + a2 =

a3 · a − 2 + a2 = a − 2 + a2 = 1 + a + a2 − 3 =

(1 + a + a2) ·
1 − a

1 − a
− 3 =

1 − a3

1 − a
− 3 = 0 − 3 = −3.
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Laplasov razvoj po II vrsti.
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∣
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∣
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∣
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1 1
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∣

∣
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=

−(a2 − a) · (a − a2) = (a2 − a)2 = a4 − 2a3 + a2 =

. . . = −3.



2. 2.4.

Koriste�i Laplasov razvoj izraqunati
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∣
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∣
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−(20 + 8 + 0 − 16 − 0 − 10) − 0 = −2.



∣

∣

∣

∣

∣

∣

3 2 3
4 2 4
1 1 1

∣

∣

∣

∣

∣

∣

= 0

jer su I i III kolona jednake.



3. 2.5.

Koriste�i osobine determinanti izraqunati
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∣
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∣
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∣
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∣

.

Dobili smo determinantu truogaone matrice,
pa je: D = 10 · 1 · (−4) · (−4) = 160.



4. 2.24.

Izraqunati

D =

∣

∣

∣

∣

∣

∣

∣

∣

a b c d
−a b c d
−a −b c d
−a −b −c d

∣

∣

∣

∣

∣

∣

∣

∣
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RexeƬe.

D =

a b c d
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=

∣

∣

∣

∣

∣

∣

∣
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a b c d
0 2b 2c 2d
0 0 2c 2d
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∣

∣

∣

∣

∣

∣

∣

∣

=

a · 2b · 2c · 2d = 8abcd.



1.3. Matrice
Teorijski uvod



Matrica je pravougaoni niz oblika
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Matrica je pravougaoni niz oblika











a11 a12 . . . a1n

a21 a22 . . . a2n

...
...

. . .
...

am1 am2 . . . amn











Ova matrica ima m vrsta i n kolona.

Ako je m = n tada je A kvadratna matrica
reda n.



Oznake za matricu:

( )

ili
∥

∥

∥

∥ ili
[ ]

Oznake za determinantu:

∣

∣

∣

∣



Oznake za matricu:

( )

ili
∥

∥

∥

∥ ili
[ ]

Oznake za determinantu:

∣

∣

∣

∣

Dve matrice su jednake, A = B, ako imaju
isti oblik m × n i odgovaraju�i elementi su
im jednaki: aij = bij.



MATRIQNE OPERACIJE:

Zbir 2 matrice A i B (istog oblika m× n) je:

A + B =

∥

∥

∥

∥

∥

∥

∥

∥

∥

a11 + b11 a12 + b12 . . . a1n + b1n

a21 + b21 a22 + b22 . . . a2n + b2n

...
...

. . .
...

am1 + bm1 am2 + bm2 . . . amn + bmn

∥

∥

∥

∥

∥

∥

∥

∥

∥

.



MnoжeƬe matrice A brojem k je dato sa:

k · A =











k · a11 k · a12 . . . k · a1n

k · a21 k · a22 . . . k · a2n

...
...

. . .
...

k · am1 k · am2 . . . k · amn











.



Proizvod matrica A i B je definisan samo ako:

A, B ⇒ C = A · B.

m × p p × n m × n



Proizvod matrica A i B je definisan samo ako:

A, B ⇒ C = A · B.

m × p p × n m × n

Elementi matrice C su

cij = ai1b1j + ai2b2j + . . . + aipbpj =

p
∑

k=1

aikbkj

(mnoжimo i–tu vrstu A i j–tu kolonu B).



Jediniqna matrica je

I =















1
1

. . .

1
1















.

0

0



Jediniqna matrica je

I =















1
1

. . .

1
1















.

0

0

Za Ƭu vaжi:

X · I = X i I · X = X.



Za inverznu matricu A−1 kvadratne
matrice A vaжi

A−1 · A = A · A−1 = I.



Za inverznu matricu A−1 kvadratne
matrice A vaжi

A−1 · A = A · A−1 = I.

Ako postoji inverzna matrica, ona je
jedinstvena.



Za inverznu matricu A−1 kvadratne
matrice A vaжi

A−1 · A = A · A−1 = I.

Ako postoji inverzna matrica, ona je
jedinstvena.

Kvadratna matrica A je regularna ako ima
inverznu matricu, a singularna ako nema.



Adjungovana matrica kvadratne matrice A
je matrica

adjA = ||Aij||
T =

∥

∥

∥

∥

∥

∥

∥

∥

∥

A11 A21 . . . An1

A12 A22 . . . An2

...
...

. . .
...

A1n A2n . . . Ann

∥

∥

∥

∥

∥

∥

∥

∥

∥

,

gde su Aij = (−1)i+j |Mij | odgov. kofaktori.



Teorema 1. Matrica A je regularna akko je

det(A) 6= 0.

Tada je

A−1 =
1

det(A)
· adjA.



Zadaci

5. Izraqunati M = AB + 2C ako je

A =





3 0 2 0
0 1 2 1
2 3 0 0



, B =









1 −2 2
2 −1 1
−1 1 2
2 2 −1









i

C =





−2 0 −3
0 6 −3
5 −2 8



.



RexeƬe.

AB =





3 0 2 0
0 1 2 1
2 3 0 0



 ·







1 −2 2
2 −1 1
−1 1 2
2 2 −1






=





1 −4 10
2 3 4
8 −7 7



,



RexeƬe.

AB =





3 0 2 0
0 1 2 1
2 3 0 0



 ·







1 −2 2
2 −1 1
−1 1 2
2 2 −1






=





1 −4 10
2 3 4
8 −7 7



,

3 · 1 + 0 · 2 + 2 · (−1) + 0 · 2 = 3 + 0 − 2 + 0 = 1.

0 · 2 + 1 · 1 + 2 · 2 + 1 · (−1) = 0 + 1 + 4 − 1 = 4.



RexeƬe.

AB =





3 0 2 0
0 1 2 1
2 3 0 0



 ·







1 −2 2
2 −1 1
−1 1 2
2 2 −1






=





1 −4 10
2 3 4
8 −7 7



,

2C = 2 ·





−2 0 −3
0 6 −3
5 −2 8



 =





−4 0 −6
0 12 −6
10 −4 16



,



RexeƬe.

AB =





3 0 2 0
0 1 2 1
2 3 0 0



 ·







1 −2 2
2 −1 1
−1 1 2
2 2 −1






=





1 −4 10
2 3 4
8 −7 7



,

2C = 2 ·





−2 0 −3
0 6 −3
5 −2 8



 =





−4 0 −6
0 12 −6
10 −4 16



,

M = AB + 2C

M =





1 −4 10
2 3 4
8 −7 7



 +





−4 0 −6
0 12 −6
10 −4 16



 =





−3 −4 4
2 15 −2
18 −11 23



.



6. Odrediti inverznu matricu A−1 matrice

A =





1 1 −1
2 1 0
1 −1 1



.



RexeƬe.

|A| =
1 1 −1
2 1 0
1 −1 1



RexeƬe.

|A| =
1 1 −1 1 1
2 1 0 2 1
1 −1 1 1 −1

=

1 + 0 + 2 − (−1) − 0 − 2 = 2.



RexeƬe.

|A| =
1 1 −1 1 1
2 1 0 2 1
1 −1 1 1 −1

=

1 + 0 + 2 − (−1) − 0 − 2 = 2.

Kako je |A| = 2 6= 0 to postoji A−1.



Odredimo adjA i odatle A−1 = 1
|A| · adjA.



Odredimo adjA i odatle A−1 = 1
|A| · adjA.

Pri odre�ivaƬu kofaktora imamo

+ − +
− + −
+ − +



Kofaktori su

A11 = +

∣

∣

∣

∣

1 0
−1 1

∣

∣

∣

∣

= 1 A12 = −

∣

∣

∣

∣

2 0
1 1

∣

∣

∣

∣

= −2 A13 = +

∣

∣

∣

∣

2 1
1−1

∣

∣

∣

∣

= −3



Kofaktori su

A11 = +

∣

∣

∣

∣

1 0
−1 1

∣

∣

∣

∣

= 1 A12 = −

∣

∣

∣

∣

2 0
1 1

∣

∣

∣

∣

= −2 A13 = +

∣

∣

∣

∣

2 1
1−1

∣

∣

∣

∣

= −3

A21 = −

∣

∣

∣

∣

1 −1
−1 1

∣

∣

∣

∣

= 0 A22 = +

∣

∣

∣

∣

1−1
1 1

∣

∣

∣

∣

= 2 A23 = −

∣

∣

∣

∣

1 1
1−1

∣

∣

∣

∣

= 2



Kofaktori su

A11 = +

∣

∣

∣

∣

1 0
−1 1

∣

∣

∣

∣

= 1 A12 = −

∣

∣

∣

∣

2 0
1 1

∣

∣

∣

∣

= −2 A13 = +

∣

∣

∣

∣

2 1
1−1

∣

∣

∣

∣

= −3

A21 = −

∣

∣

∣

∣

1 −1
−1 1

∣

∣

∣

∣

= 0 A22 = +

∣

∣

∣

∣

1−1
1 1

∣

∣

∣

∣

= 2 A23 = −

∣

∣

∣

∣

1 1
1−1

∣

∣

∣

∣

= 2

A31 = +

∣

∣

∣

∣

1 −1
1 0

∣

∣

∣

∣

= 1 A32 = −

∣

∣

∣

∣

1−1
2 0

∣

∣

∣

∣

= −2 A33 = +

∣

∣

∣

∣

1 1
2 1

∣

∣

∣

∣

= −1



Adjungovana matrica je

adjA =





1 −2 −3
0 2 2
1 −2 −1





T

=





1 0 1
−2 2 −2
−3 2 −1



.



Adjungovana matrica je

adjA =





1 −2 −3
0 2 2
1 −2 −1





T

=





1 0 1
−2 2 −2
−3 2 −1



.

Inverzna matrica je

A−1 =
adj A

det(A)
=

1

2





1 0 1
−2 2 −2
−3 2 −1



=





1
2 0 1

2
−1 1 −1
−3

2 1 −1
2



.



Napomena. Provera: A · A−1 = I.





1 1 −1
2 1 0
1 −1 1



 ·





1
2 0 1

2
−1 1 −1
−3

2 1 −1
2



 =





1 0 0
0 1 0
0 0 1



.



7. Rexiti matriqnu jednaqinu

∥

∥

∥

∥

∥

∥

1 1 −1
2 1 0
1 −1 1

∥

∥

∥

∥

∥

∥

· X =

∥

∥

∥

∥

∥

∥

1 −1 3
4 3 2
1 −2 5

∥

∥

∥

∥

∥

∥

.



RexeƬe. Moжemo napisati kao

A · X = B



RexeƬe. Moжemo napisati kao

A · X = B / A−1

−→
·

A−1·A · X = A−1·B,



RexeƬe. Moжemo napisati kao

A · X = B / ·A−1

−→

A−1 · A · X = A−1 · B,

I · X = A−1 · B,



RexeƬe. Moжemo napisati kao

A · X = B / ·A−1

−→

A−1 · A · X = A−1 · B,

I · X = A−1 · B,

X = A−1 · B.



U prethodnom zadatku smo dobili A−1.

X =
1

2

∥

∥

∥

∥

∥

∥

1 0 1
−2 2 −2
−3 2 −1

∥

∥

∥

∥

∥

∥

·

∥

∥

∥

∥

∥

∥

1 −1 3
4 3 2
1 −2 5

∥

∥

∥

∥

∥

∥

=

∥

∥

∥

∥

∥

∥

1 −3
2 4

2 6 −6
2 11

2 −5

∥

∥

∥

∥

∥

∥

.



KRAJ QASA


