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4. Analitiqka
geometrija u prostoru



1.

Odrediti pravu r koja sadrжi taqku

A(3, 2,−5)

i vektor pravca joj je normalan na prave

p :
x − 2

3
=

y + 3

−2
=

z − 1

1

q :
x + 2

2
=

y + 3

3
=

z + 1

−3
.



RexeƬe. p : x−2
3 = y+3

−2 = z−1
1 ⇒ ~vp = (3,−2, 1)

q : x+2
2 = y+3

3 = z+1
−3 ⇒ ~vq = (2, 3,−3)



RexeƬe. p : x−2
3 = y+3

−2 = z−1
1 ⇒ ~vp = (3,−2, 1)

q : x+2
2 = y+3

3 = z+1
−3 ⇒ ~vq = (2, 3,−3)

~vr ⊥ ~vp, ~vr ⊥ ~vq ⇒ ~vr = ~vp × ~vq = (3, 11, 13).



RexeƬe. p : x−2
3 = y+3

−2 = z−1
1 ⇒ ~vp = (3,−2, 1)

q : x+2
2 = y+3

3 = z+1
−3 ⇒ ~vq = (2, 3,−3)

~vr ⊥ ~vp, ~vr ⊥ ~vq ⇒ ~vr = ~vp × ~vq = (3, 11, 13).

A(3, 2,−5) ⇒ r :
x − 3

3
=

y − 2

11
=

z + 5

13
.



2. sliqan sa 4.9. Date su prave

p :
x + 2

1
=

y − 5

−4
=

z + 4

1

q :
x − 2

2
=

y + 5

−2
=

z + 3

λ
.

a) Odrediti λ tako da se p i q seku.

b) Za λ iz a) odrediti meru oxtrog ugla ϕ

koji grade prave p i q, kao i jednaqinu ravni
π koju odre�uju ove prave.



RexeƬe 1. a) p : x+2
1 = y−5

−4 = z+4
1 i

q : x−2
2 = y+5

−2 = z+3
λ

.



RexeƬe 1. a) p : x+2
1 = y−5

−4 = z+4
1 i

q : x−2
2 = y+5

−2 = z+3
λ

.

~vp = (1,−4, 1), P (−2, 5,−4),

~vq = (2,−2, λ), Q(2,−5,−3).



RexeƬe 1. a) p : x+2
1 = y−5

−4 = z+4
1 i

q : x−2
2 = y+5

−2 = z+3
λ

.

~vp = (1,−4, 1), P (−2, 5,−4),

~vq = (2,−2, λ), Q(2,−5,−3).
1
2 6= −4

−2 ⇒ p i q nisu paralelne.



RexeƬe 1. a) p : x+2
1 = y−5

−4 = z+4
1 i

q : x−2
2 = y+5

−2 = z+3
λ

.

~vp = (1,−4, 1), P (−2, 5,−4),

~vq = (2,−2, λ), Q(2,−5,−3).
1
2 6= −4

−2 ⇒ p i q nisu paralelne.

Neparalelne prave p i q se seku akko

∣

∣

∣

∣

∣

∣

(−2) − 2 5 − (−5) (−4) − (−3)
1 −4 1
2 −2 λ

∣

∣

∣

∣

∣

∣

= 6λ + 6 = 0

⇒ λ = −1.



b) p : x+2
1 = y−5

−4 = z+4
1 , q : x−2

2 = y+5
−2 = z+3

−1 .

⇒ ~vp = (1,−4, 1), ~vq = (2,−2,−1)



b) p : x+2
1 = y−5

−4 = z+4
1 , q : x−2

2 = y+5
−2 = z+3

−1 .

⇒ ~vp = (1,−4, 1), ~vq = (2,−2,−1)

~vp · ~vq = (1,−4, 1) · (2,−2,−1) = 2 + 8 − 1 = 9,

|~vp| =
√

12 + (−4)2 + 12 = 3
√

2, |~vq| = 3,



b) p : x+2
1 = y−5

−4 = z+4
1 , q : x−2

2 = y+5
−2 = z+3

−1 .

⇒ ~vp = (1,−4, 1), ~vq = (2,−2,−1)

~vp · ~vq = (1,−4, 1) · (2,−2,−1) = 2 + 8 − 1 = 9,

|~vp| =
√

12 + (−4)2 + 12 = 3
√

2, |~vq| = 3,

cosϕ =
|~vp · ~vq|
|~vp| · |~vq|

=
1√
2

⇒ ϕ = arccos
1√
2

=
π

4
.



~vp · ~vq = 9, |~vp| = 3
√

2, |~vq| = 3,

cosϕ =
|~vp · ~vq|
|~vp| · |~vq|

=
1√
2

⇒ ϕ = arccos
1√
2

=
π

4
.

Ravan π sadrжi p i q.

~nπ ⊥ ~vp i ~nπ ⊥ ~vq ⇒ ~nπ = 1
3~vp × ~vq



Ravan π sadrжi p i q.

~nπ ⊥ ~vp i ~nπ ⊥ ~vq ⇒ ~nπ = 1
3~vp × ~vq

~nπ =
1

3

∣

∣

∣

∣

∣

∣

~i ~j ~k

1 −4 1
2 −2 −1

∣

∣

∣

∣

∣

∣

=
1

3
(6~i + 3~j + 6~k) = (2, 1, 2).



Ravan π sadrжi p i q.

~nπ ⊥ ~vp i ~nπ ⊥ ~vq ⇒ ~nπ = 1
3~vp × ~vq

~nπ =
1

3

∣

∣

∣

∣

∣

∣

~i ~j ~k

1 −4 1
2 −2 −1

∣

∣

∣

∣

∣

∣

=
1

3
(6~i + 3~j + 6~k) = (2, 1, 2).

Ravan π sadrжi taqku P (−2, 5,−4) sa prave p

α : 2 ·
(

x − (−2)
)

+ 1 · (y − 5) + 2 ·
(

z − (−4)
)

= 0,

tj. 2x + y + 2z + 7 = 0.



RexeƬe 2. a) Na�imo p ∩ q = T .



RexeƬe 2. a) Na�imo p ∩ q = T .

p : x+2
1 = y−5

−4 = z+4
1 = t ⇒

x = −2 + t, y = 5 − 4t, z = −4 + t,



RexeƬe 2. a) Na�imo p ∩ q = T .

p : x+2
1 = y−5

−4 = z+4
1 = t ⇒

x = −2 + t, y = 5 − 4t, z = −4 + t,

q :
x − 2

2
=

y + 5

−2
=

z + 3

λ
= s ⇒

x = 2 + 2s, y = −5 − 2s, z = −3 + λs.



RexeƬe 2. a) Na�imo p ∩ q = T .

p : x+2
1 = y−5

−4 = z+4
1 = t ⇒

x = −2 + t, y = 5 − 4t, z = −4 + t,

q :
x − 2

2
=

y + 5

−2
=

z + 3

λ
= s ⇒

x = 2 + 2s, y = −5 − 2s, z = −3 + λs.

T pripada i p i q:

x = −2 + t = 2 + 2s

y = 5 − 4t = −5 − 2s

z = −4 + t = −3 + λs



x = −2 + t = 2 + 2s

y = 5 − 4t = −5 − 2s

z = −4 + t = −3 + λs

Iz I i II ⇒ t = 2 i s = −1, xto u III daje
−4 + 2 = −3 + λ · (−1), tj. λ = −1.



x = −2 + t = 2 + 2s

y = 5 − 4t = −5 − 2s

z = −4 + t = −3 + λs

Iz I i II ⇒ t = 2 i s = −1, xto u III daje
−4 + 2 = −3 + λ · (−1), tj. λ = −1.

b) −||−

Napomena. Ovako smo dobili i preseqnu
taqku T (0,−3,−2), dok smo prvim naqinom samo
utvrdili da se p i q seku.



3. sliqan sa 4.30. Izraqunati rastojaƬe
izme�u pravih

p : x−3
1 = y+1

2 = z−2
2 i q :

{

2x + y − 2z − 1 = 0
2x − z − 1 = 0

.



RexeƬe 1. Iz p : x−3
1 = y+1

2 = z−2
2 ⇒

~vp = (1, 2, 2) i P (3,−1, 2).



RexeƬe 1. Iz p : x−3
1 = y+1

2 = z−2
2 ⇒

~vp = (1, 2, 2) i P (3,−1, 2).

Kad reximo q :
{

2x + y − 2z − 1 = 0
2x − z − 1 = 0

dobijamo

q : x = 1
2 + 1

2 t, y = t, z = t (t ∈ R)

pa je ~vq = ( 1
2 , 1, 1) i Q( 1

2 , 0, 0).



RexeƬe 1. Iz p : x−3
1 = y+1

2 = z−2
2 ⇒

~vp = (1, 2, 2) i P (3,−1, 2).

Kad reximo q :
{

2x + y − 2z − 1 = 0
2x − z − 1 = 0

dobijamo

q : x = 1
2 + 1

2 t, y = t, z = t (t ∈ R)

pa je ~vq = ( 1
2 , 1, 1) i Q( 1

2 , 0, 0).

~vq = 1
2~vp ⇒ p i q paralelne.



p

q

~vp

~vq

P

Q′

Q

d

~vp = (1, 2, 2),P (3,−1, 2) ~vq = ( 1
2 , 1, 1),Q( 1

2 , 0, 0)

−−→
PQ = (−5

2 , 1,−2)



p

q

~vp

~vq

P

Q′

Q

d

~vp = (1, 2, 2),P (3,−1, 2) ~vq = ( 1
2 , 1, 1),Q( 1

2 , 0, 0)

−−→
PQ = (−5

2 , 1,−2)

~vp × −−→
PQ = (−6,−3, 6) ⇒ |~vp × −−→

PQ| = 9. |~vp| = 3.

d(q, p) = d(Q, p) =
|~vp×

−−→
PQ|

|~vp| = 9
3 = 3.



RexeƬe 2. Isto: ~vp = (1, 2, 2) i P (3,−1, 2).

q : x = 1
2 + 1

2 t, y = t, z = t (t ∈ R)

p

q

~vp

~vq

P

P ′

Q

d



RexeƬe 2. Isto: ~vp = (1, 2, 2) i P (3,−1, 2).

q : x = 1
2 + 1

2 t, y = t, z = t (t ∈ R)

p

q

~vp

~vq

P

P ′

Q

d

P ′( 1
2 + 1

2 t, t, t) ⇒
−−→
PP ′ = ( 1

2 t − 5
2 , t + 1, t − 2)



RexeƬe 2. Isto: ~vp = (1, 2, 2) i P (3,−1, 2).

q : x = 1
2 + 1

2 t, y = t, z = t (t ∈ R)

p

q

~vp

~vq

P

P ′

Q

d

P ′( 1
2 + 1

2 t, t, t) ⇒
−−→
PP ′ = ( 1

2 t − 5
2 , t + 1, t − 2)

−−→
PP ′ ⊥ ~vp ⇒

−−→
PP ′ · ~vp = 1

2 t− 5
2 + 2t + 2 + 2t− 4 = 0

t = 1 ⇒ P ′(1, 1, 1)



RexeƬe 2. Isto: ~vp = (1, 2, 2) i P (3,−1, 2).

q : x = 1
2 + 1

2 t, y = t, z = t (t ∈ R)

p

q

~vp

~vq

P

P ′

Q

d

P ′( 1
2 + 1

2 t, t, t) ⇒
−−→
PP ′ = ( 1

2 t − 5
2 , t + 1, t − 2)

−−→
PP ′ ⊥ ~vp ⇒

−−→
PP ′ · ~vp = 1

2 t− 5
2 + 2t + 2 + 2t− 4 = 0

t = 1 ⇒ P ′(1, 1, 1)

d(p, q) = |
−−→
PP ′| = |(−2, 2,−1)| =

√
9 = 3.



4. sliqan sa 4.47.

Izraqunati rastojaƬe izme�u pravih

p :
x + 1

1
=

y

1
=

z − 1

2
i q :

x

1
=

y + 1

3
=

z − 2

4
.



RexeƬe 1. p : x+1
1 = y

1 = z−1
2 , q : x

1 = y+1
3 = z−2

4

~vp = (1, 1, 2), ~vq = (1, 3, 4) ⇒ ~vp 6= λ · ~vq ⇒

p i q nisu paralelne.



RexeƬe 1. p : x+1
1 = y

1 = z−1
2 , q : x

1 = y+1
3 = z−2

4

~vp = (1, 1, 2), ~vq = (1, 3, 4) ⇒ ~vp 6= λ · ~vq ⇒

p i q nisu paralelne.

P (−1, 0, 1), Q(0,−1, 2) ⇒ −−→
QP = (−1, 1,−1)

∣

∣

∣

∣

∣

∣

−1 1 −1
1 1 2
1 3 4

∣

∣

∣

∣

∣

∣

= −2 6= 0

⇒ p i q se ne seku

⇒ p i q su mimoilazne.



~vp = (1, 1, 2), ~vq = (1, 3, 4),
−−→
QP = (−1, 1,−1).

~vp × ~vq =

∣

∣

∣

∣

∣

∣

~i ~j ~k

1 1 2
1 3 4

∣

∣

∣

∣

∣

∣

= (−2,−2, 2)

(~vp × ~vq) ·
−−→
PQ = (−2,−2, 2) · (1,−1, 1) = 2

|~vp × ~vq| = 2
√

3 ⇒ d(p, q) =
|(~vp×~vq)·−−→PQ|

|~vp×~vq| =
1√
3
.



RexeƬe 2. p : x+1
1 = y

1 = z−1
2 , q : x

1 = y+1
3 = z−2

4

ProizvoƩna taqka T sa p je data sa

x = t − 1, y = t, z = 2t + 1 (t ∈ R),

tj. T (t − 1, t, 2t + 1)



RexeƬe 2. p : x+1
1 = y

1 = z−1
2 , q : x

1 = y+1
3 = z−2

4

ProizvoƩna taqka T sa p je data sa

x = t − 1, y = t, z = 2t + 1 (t ∈ R),

tj. T (t − 1, t, 2t + 1) i sliqno S sa prave q

S(s, 3s − 1, 4s + 2).

−→
TS = (s − t + 1, 3s − t − 1, 4s − 2t + 1).



RexeƬe 2. p : x+1
1 = y

1 = z−1
2 , q : x

1 = y+1
3 = z−2

4

ProizvoƩna taqka T sa p je data sa

x = t − 1, y = t, z = 2t + 1 (t ∈ R),

tj. T (t − 1, t, 2t + 1) i sliqno S sa prave q

S(s, 3s − 1, 4s + 2).
−→
TS = (s − t + 1, 3s − t − 1, 4s − 2t + 1).

d(p, q) = min d(T, S) = min |−→TS|
= min

√

(s − t + 1)2 + (3s − t − 1)2 + (4s − 2t + 1)2

= min
√

26s2 − 24st + 4s + 6t2 − 4t + 3

=
√

min(26s2 − 24st + 4s + 6t2 − 4t + 3).



26s2 +(4− 24t)s+(6t2 − 4t+3) ima koeficijente

a = 26 > 0 (b = 4 − 24t, c = 6t2 − 4t + 3)



26s2 +(4− 24t)s+(6t2 − 4t+3) ima koeficijente

a = 26 > 0 (b = 4 − 24t, c = 6t2 − 4t + 3)

⇒ minimum za s = − b

2a
= −4 − 24t

52
=

6t − 1

13
:

26
(

6t−1
13

)2
+(4−24t)· 6t−1

13 +(6t2−4t+3)= 6
13 t2−28

13 t+37
13



26s2 +(4− 24t)s+(6t2 − 4t+3) ima koeficijente

a = 26 > 0 (b = 4 − 24t, c = 6t2 − 4t + 3)

⇒ minimum za s = − b

2a
= −4 − 24t

52
=

6t − 1

13
:

26
(

6t−1
13

)2
+(4−24t)· 6t−1

13 +(6t2−4t+3)= 6
13 t2−28

13 t+37
13

Minimum izraza 6
13 t2 − 28

13 t + 37
13 se dostiжe za

t = − b

2a
= −−28

13
12
13

= 7
3 i on je

6
13 · ( 7

3 )2 − 28
13 · 7

3 + 37
13 = 1

3 .

Konaqno je d(p, q) =
√

1
3 =

1√
3
.



Napomena 1. Odredili smo i taqke T sa p i
S sa q koje su na minimalnom odstojaƬu:

t = 7
3 ⇒ T ( 4

3 , 7
3 , 17

3 )

s = 6t−1
13 =

6· 7
3
−1

13 = 1 ⇒ S(1, 2, 6).

p

q

T

S

d



RexeƬe 3. n ⊥ p, n ⊥ q ⇒ ~vn ⊥ ~vp, ~vn ⊥ ~vq.

~vp × ~vq =

∣

∣

∣

∣

∣

∣

~i ~j ~k

1 1 2
1 3 4

∣

∣

∣

∣

∣

∣

= (−2,−2, 2)

~vn = −1
2~vp × ~vq = −1

2 (−2,−2, 2) = (1, 1,−1).



p

π
q

T

S

d

n

Ravan π odre�ena pravama p i n:

~nπ ⊥ ~vp, ~nπ ⊥ ~vn

~vp × ~vn =

∣

∣

∣

∣

∣

∣

~i ~j ~k

1 1 2
1 1 −1

∣

∣

∣

∣

∣

∣

= (−3, 3, 0)

~nπ = −1
3~vp × ~vn = (1,−1, 0).



p

π
q

T

S

d

n

~nπ = −1
3~vp × ~vn = (1,−1, 0).

p ∈ π ⇒ P (−1, 0, 1) ∈ π:

π : 1 ·
(

x − (−1)
)

− 1 · (y − 0) + 0 · (z − 1) = 0, tj.

π : x − y + 1 = 0.



p

π
q

T

S

d

n

~nπ = −1
3~vp × ~vn = (1,−1, 0).

p ∈ π ⇒ P (−1, 0, 1) ∈ π:

π : 1 ·
(

x − (−1)
)

− 1 · (y − 0) + 0 · (z − 1) = 0, tj.

π : x − y + 1 = 0.

π ∩ q = S



~nπ = −1
3~vp × ~vn = (1,−1, 0).

p ∈ π ⇒ P (−1, 0, 1) ∈ π:

π : 1 ·
(

x − (−1)
)

− 1 · (y − 0) + 0 · (z − 1) = 0, tj.

π : x − y + 1 = 0.

π ∩ q = S:
π : x − y + 1 = 0

q : x = s, y = 3s − 1, z = 4s + 2 (s ∈ R)



~nπ = −1
3~vp × ~vn = (1,−1, 0).

p ∈ π ⇒ P (−1, 0, 1) ∈ π:

π : 1 ·
(

x − (−1)
)

− 1 · (y − 0) + 0 · (z − 1) = 0, tj.

π : x − y + 1 = 0.

π ∩ q = S:
π : x − y + 1 = 0

q : x = s, y = 3s − 1, z = 4s + 2 (s ∈ R)

x − y + 1 = s − (3s − 1) + 1 = −2s + 2 = 0

⇒ s = 1 ⇒ S(1, 2, 6).



p

π
q

T

S

d

n

~vp = (1, 1, 2), P (−1, 0, 1), S(1, 2, 6).



p

π
q

T

S

d

n

~vp = (1, 1, 2), P (−1, 0, 1), S(1, 2, 6).
−→
SP = (−2,−2,−5), ~vp ×−→

SP = (−1, 1, 0)

d(p, q) = d(S, p) =
|~vp ×

−→
SP |

|~vp|
=

√
2√
6

=
1√
3

.



p

π
q

T

S

d

n

Napomena 2. Nakon S(1, 2, 6) i ~vn = (1, 1,−1),
mogli smo da odredimo jednaqinu zajedniqke
normale n na prave p i q

n :
x − 1

1
=

y − 2

1
=

z − 6

−1
.

DaƩe p ∩ q = T ( 4
3 , 7

3 , 17
3 ) ⇒ −→

ST = ( 1
3 , 1

3 ,−1
3 )

d(p, q) = |−→ST | =
√

( 1
3 )2 + ( 1

3 )2 + (−1
3 )2 = 1√

3
.



5. sliqan sa 4.31.

Odrediti taqku B simetriqnu taqki

A(−1, 0,−1)

u odnosu na ravan

α : 2x + y − z + 7 = 0.

α

n

A M B

~nα



RexeƬe. Odredimo projekciju M taqke A na
ravan α.

~vn = ~nα = (2, 1,−1),



RexeƬe. Odredimo projekciju M taqke A na
ravan α.

~vn = ~nα = (2, 1,−1), A(−1, 0,−1) ⇒

n : x = 2t − 1, y = t, z = −t − 1.

n u α ⇒ 2(2t−1)+t−(−t−1)+7 = 0, tj. 6t+6 = 0,
t = −1 ⇒ M(−3,−1, 0).



RexeƬe. Odredimo projekciju M taqke A na
ravan α.

~vn = ~nα = (2, 1,−1), A(−1, 0,−1) ⇒

n : x = 2t − 1, y = t, z = −t − 1.

n u α ⇒ 2(2t−1)+t−(−t−1)+7 = 0, tj. 6t+6 = 0,
t = −1 ⇒ M(−3,−1, 0).

M sredixte duжi AB:

xM =
xA + xB

2
, yM =

yA + yB

2
, zM =

zA + zB

2
,

⇒ xB = 2xM − xA = −5, yB = 2yM − yA = −2,
zB = 2zM − zA = 1, tj. B(−5,−2, 1).



6. sliqan sa 4.32.

Odrediti taqku B simetriqnu taqki

A(−1, 0,−1)

u odnosu na pravu

p :
x + 1

1
=

y + 1

0
=

z − 4

2
.

π

p

A M B

~nπ



RexeƬe.

π

p

A M B

~nπ

Ravan π sadrжi A i π ⊥ p.

~nπ = ~vp = (1, 0, 2),



RexeƬe.

π

p

A M B

~nπ

Ravan π sadrжi A i π ⊥ p.

~nπ = ~vp = (1, 0, 2), A(−1, 0,−1) ⇒

π : x + 2z + 3 = 0.



RexeƬe.

π

p

A M B

~nπ

Ravan π sadrжi A i π ⊥ p.

~nπ = ~vp = (1, 0, 2), A(−1, 0,−1) ⇒

π : x + 2z + 3 = 0.

p ∩ π = M ⇒ M(−3, 1, 0).

A, M ⇒ B(−5, 2, 1).



7. 2. ispit oktobar 2007.

Date su taqke

A(0, 2,−5), B(5, 1,−4), C(1, 3,−3) i M(3,−7, 9).

Odrediti jednaqinu ravni kojoj pripadaju
taqke A, B i C i odrediti projekciju P taqke
M na tu ravan.



RexeƬe. A(0, 2,−5), B(5, 1,−4), C(1, 3,−3):

π :

∣

∣

∣

∣

∣

∣

x − 0 y − 2 z + 5
5 − 0 1 − 2 −4 + 5
1 − 0 3 − 2 −3 + 5

∣

∣

∣

∣

∣

∣

= −3x−9y+6z+48 = 0,

tj. π : x + 3y − 2z − 16 = 0.



RexeƬe. A(0, 2,−5), B(5, 1,−4), C(1, 3,−3):

π :

∣

∣

∣

∣

∣

∣

x − 0 y − 2 z + 5
5 − 0 1 − 2 −4 + 5
1 − 0 3 − 2 −3 + 5

∣

∣

∣

∣

∣

∣

= −3x−9y+6z+48 = 0,

tj. π : x + 3y − 2z − 16 = 0.

Normala na ravan π iz taqke M je prava n.
M(3,−7, 9), ~vn = ~nπ = (1, 3,−2) ⇒

n :
x − 3

1
=

y + 7

3
=

z − 9

−2



RexeƬe. A(0, 2,−5), B(5, 1,−4), C(1, 3,−3):

π :

∣

∣

∣

∣

∣

∣

x − 0 y − 2 z + 5
5 − 0 1 − 2 −4 + 5
1 − 0 3 − 2 −3 + 5

∣

∣

∣

∣

∣

∣

= −3x−9y+6z+48 = 0,

tj. π : x + 3y − 2z − 16 = 0.

Normala na ravan π iz taqke M je prava n.
M(3,−7, 9), ~vn = ~nπ = (1, 3,−2) ⇒

n :
x − 3

1
=

y + 7

3
=

z − 9

−2
(= t)

tj. x = t + 3, y = 3t − 7, z = −2t + 9,



RexeƬe. A(0, 2,−5), B(5, 1,−4), C(1, 3,−3):

π :

∣

∣

∣

∣

∣

∣

x − 0 y − 2 z + 5
5 − 0 1 − 2 −4 + 5
1 − 0 3 − 2 −3 + 5

∣

∣

∣

∣

∣

∣

= −3x−9y+6z+48 = 0,

tj. π : x + 3y − 2z − 16 = 0.

Normala na ravan π iz taqke M je prava n.
M(3,−7, 9), ~vn = ~nπ = (1, 3,−2) ⇒

n :
x − 3

1
=

y + 7

3
=

z − 9

−2
(= t)

tj. x = t+3, y = 3t−7, z = −2t+9, xto u π daje:

π : (t + 3) + 3(3t − 7) − 2(−2t + 9) = 16

⇒ t = 26
7 , tj. P

(

47
7 , 29

7 , 11
7

)

.



8. sliqan sa 4.36.

Odrediti jednaqinu ravni α koja
sadrжi taqku

A(2,−3, 1)

i paralelna je pravama

p : x+1
3 = y+2

−3 = z−1
2 i q : x−7

2 = y+4
−2 = z−1

2 .



RexeƬe. α ‖ p, α ‖ q ⇒ ~nα ⊥ ~vp, ~nα ⊥ ~vq.

~nα = −1
2~vp × ~vq = (1, 1, 0),



RexeƬe. α ‖ p, α ‖ q ⇒ ~nα ⊥ ~vp, ~nα ⊥ ~vq.

~nα = −1
2~vp × ~vq = (1, 1, 0), A(2,−3, 1) ⇒

α : 1 · (x − 2) + 1 ·
(

y − (−3)
)

+ 0 · (z − 1) = 0,

tj. α : x + y + 1 = 0.



9. sliqan sa 4.47.

Odrediti jednaqinu prave koja sadrжi

A(2,−3, 1)

i seqe prave

p : x+1
3 = y+2

−3 = z−1
2 i q : x−7

2 = y+4
−2 = z−1

2 .



RexeƬe 1. Prava a kroz A(2,−3, 1) je

a :
x − 2

u
=

y + 3

v
=

z − 1

w



RexeƬe 1. Prava a kroz A(2,−3, 1) je

a :
x − 2

u
=

y + 3

v
=

z − 1

w

p i a se seku

∣

∣

∣

∣

∣

∣

(−1) − 2 (−2) − (−3) 1 − 1
3 −3 2
u v w

∣

∣

∣

∣

∣

∣

= 2u+6v+6w = 0.



RexeƬe 1. Prava a kroz A(2,−3, 1) je

a :
x − 2

u
=

y + 3

v
=

z − 1

w

p i a se seku
∣

∣

∣

∣

∣

∣

(−1) − 2 (−2) − (−3) 1 − 1
3 −3 2
u v w

∣

∣

∣

∣

∣

∣

= 2u+6v+6w = 0.

q i a se seku
∣

∣

∣

∣

∣

∣

7 − 2 (−4) − (−3) 1 − 1
2 −2 2
u v w

∣

∣

∣

∣

∣

∣

= −2u− 10v − 8w = 0.



Dobili smo homogeni sistem

2u + 6v + 6w = 0
−2u − 10v − 8w = 0

Jedno rexeƬe w = −2, v = 1, u = 3, tj. traжena

prava je a :
x − 2

3
=

y + 3

1
=

z − 1

−2
.



RexeƬe 2. p 6 ‖ q jer je ~vq 6= λ · ~vp.



RexeƬe 2. p 6 ‖ q jer je ~vq 6= λ · ~vp.

p i q se ne seku:

∣

∣

∣

∣

∣

∣

(−1) − 7 (−2) − (−4) 1 − 1
3 −3 2
2 −2 2

∣

∣

∣

∣

∣

∣

= 12 6= 0



p

π
qS

T

A

a

Ravan π sadrжi prave p i a, tj. p i A(2, 3, 1).



p

π
qS

T

A

a

Ravan π sadrжi prave p i a, tj. p i A(2, 3, 1).
P (−1,−2, 1) iz kanonskog oblika prave p:

~nπ = ~vp ×−→
PA =

∣

∣

∣

∣

∣

∣

~i ~j ~k

3 −3 2
3 −1 0

∣

∣

∣

∣

∣

∣

= (2, 6, 6).

π : 2 · (x − 2) + 6 ·
(

y − (−3)
)

+ 6 · (z − 1) = 0,



~nπ = ~vp ×−→
PA =

∣

∣

∣

∣

∣

∣

~i ~j ~k

3 −3 2
3 −1 0

∣

∣

∣

∣

∣

∣

= (2, 6, 6).

π : 2 · (x − 2) + 6 ·
(

y − (−3)
)

+ 6 · (z − 1) = 0,

tj. π : 2x + 6y + 6z + 8 = 0.



π : 2 · (x − 2) + 6 ·
(

y − (−3)
)

+ 6 · (z − 1) = 0,

tj. π : 2x + 6y + 6z + 8 = 0.

q : x−7
2 = y+4

−2 = z−1
2 ,

q : x = 2s + 7, y = −2s − 4, 2s + 1.



π : 2 · (x − 2) + 6 ·
(

y − (−3)
)

+ 6 · (z − 1) = 0,

tj. π : 2x + 6y + 6z + 8 = 0.

q : x−7
2 = y+4

−2 = z−1
2 ,

q : x = 2s + 7, y = −2s − 4, 2s + 1.

π ∩ q = S:

2 · (2s + 7) + 6(−2s − 4) + 6(2s + 1) + 8 = 0

⇒ 4s + 4 = 0 ⇒ s = −1 ⇒ S(5,−2,−1).



π : 2 · (x − 2) + 6 ·
(

y − (−3)
)

+ 6 · (z − 1) = 0,

tj. π : 2x + 6y + 6z + 8 = 0.

q : x−7
2 = y+4

−2 = z−1
2 ,

q : x = 2s + 7, y = −2s − 4, 2s + 1.

π ∩ q = S:

2 · (2s + 7) + 6(−2s − 4) + 6(2s + 1) + 8 = 0

⇒ 4s + 4 = 0 ⇒ s = −1 ⇒ S(5,−2,−1).

Prava a kroz A i S ⇒ ~va = 1
3

−→
AS = (3, 1,−2)

A(2, 3, 1) ⇒ a : x−2
3 = y+3

1 = z−1
−2 .



10. Data je ravan α : x + y − z + 1 = 0 i prava

p :
x − 1

0
=

y

2
=

z + 1

1
. Odrediti

a) preseqnu taqku prave p i ravni α;

b) meru ugla izme�u prave p i ravni α.

α

n p

A
P ′

P

aϕ



RexeƬe 1. a) p : x−1
0 = y

2 = z+1
1 ⇒

p: x = 1, y = 2t, z = t − 1



RexeƬe 1. a) p : x−1
0 = y

2 = z+1
1 ⇒

p: x = 1, y = 2t, z = t − 1 u α : x + y − z + 1 = 0

1 + 2t − (t − 1) + 1 = 0,

tj. t = −3 ⇒ A(1,−6,−4).



b) Odredimo projekciju P ′ taqke P (P 6= A) sa
p na ravan α.

α

n p

A
P ′

P

aϕ



b) Odredimo projekciju P ′ taqke P (P 6= A) sa
p na ravan α.

α

n p

A
P ′

P

aϕ

P (1, 0,−1)

n ⊥ α ⇒ ~vn = ~nα = (1, 1,−1) ⇒

n :
x − 1

1
=

y

1
=

z + 1

−1
,



b) Odredimo projekciju P ′ taqke P (P 6= A) sa
p na ravan α.

P (1, 0,−1)

n ⊥ α ⇒ ~vn = ~nα = (1, 1,−1) ⇒

n :
x − 1

1
=

y

1
=

z + 1

−1
,

tj. n: x = s + 1, y = s, z = −s − 1.

α : (s + 1) + s − (−s − 1) + 1 = 0 ⇒ s = −1, tj.
P ′(0,−1, 0).



α

n p

A
P ′

P

aϕ

A(1,−6,−4), P (1, 0,−1), P ′(0,−1, 0). Iz △AP ′P :

cosϕ =
|
−−→
P ′A|
|−→PA|

=
|(−1, 5, 4)|
|(0, 6, 3)| =

√
42√
45

=

√

14

15
,

ϕ = arccos
√

14
15 .



α

n p

A
P ′

P

aϕ

Napomena. Da se traжila projekcija a prave
p na ravan α, odredili bi je kao pravu kroz
taqke A i P ′.



RexeƬe 2. a) −||−
b) Ugao ϕ izme�u prave p i ravni α:

sin ϕ =
|~vp · ~nα|
|~vp| · |~nα|

.



RexeƬe 2. a) −||−
b) Ugao ϕ izme�u prave p i ravni α:

sin ϕ =
|~vp · ~nα|
|~vp| · |~nα|

.

~vp = (0, 2, 1), ~nα = (1, 1,−1) ⇒

sinϕ =
|1|√

5 ·
√

3
=

1√
15

,

tj. ϕ = arcsin 1√
15

.
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